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A Quantum Operator Approach to Reliability and
Stochastic Ordering

Amini-Seresht, E. 1

Department of Statistics, Faculty of Science, Bu-Ali Sina University, Hamedan, Iran

Abstract

This paper presents a theoretical framework for generalizing the fundamental
concepts of reliability analysis and stochastic order to the realm of quantum com-
puting. The main innovation lies in mapping classical probability distributions to
quantum states via amplitude encoding, which enables the representation of key
reliability indices such as the failure rate, hazard rate, and mean residual life as
quantum operators. We rigorously analyze the properties of these operators and
demonstrate that, under appropriate conditions, the well-known hierarchical rela-
tionships among classical stochastic orders (including the usual stochastic order,
hazard rate order, likelihood ratio order, and convex order) are preserved in the
quantum formulation.

Keywords: Quantum reliability, Stochastic orders, Quantum information.

1 Introduction
Reliability analysis and stochastic order theory constitute fundamental branches of statis-
tics and engineering, primarily concerned with studying the time-dependent behavior of
systems until the occurrence of a critical event such as failure, and with comparing life-
time variables. In classical reliability theory, key indices such as the survival function
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1



S(t), the hazard rate (or failure rate) h(t), and the mean residual life play a central role
in engineering assessment, risk management, and decision-making processes. These in-
dices provide quantitative measures of system aging, reliability, and remaining useful life.
Concurrently, stochastic orders such as the usual stochastic order (�st), the hazard rate
order (�hr), the likelihood ratio order (�lr), and the convex order (�cx) offer a rigorous
mathematical framework for comparing the relative “largeness” or “riskiness” of random
variables. These orders form a well-studied hierarchy and serve as powerful analytical
tools in reliability theory, actuarial science, and economics.

The theoretical foundations of quantum information and computation have been ex-
tensively established by [5], and operator theory has been comprehensively laid out by
[2]. In a more specialized domain, [3] founded quantum detection and estimation theory,
which directly addresses the problem of estimating quantities in quantum systems. From
a mathematical perspective, [2], in the book Matrix Analysis, provides the essential tools
for working with operators and convex operator functions. Regarding the connection be-
tween probability and quantum computing, [7] have provided an introduction to quantum
probability and its relation to quantum computation. Furthermore, [4] has examined the
applications of singular value decomposition and matrix reorderings in quantum informa-
tion theory. The advent of quantum computing has revolutionized information processing,
offering potential exponential speedups for certain computational tasks. This raises a nat-
ural question: can classical reliability concepts be meaningfully extended to the quantum
domain, and if so, what computational advantages might such a quantum formulation
offer? In this paper, we address this question by developing a systematic framework for
quantizing reliability analysis and stochastic order theory. Our approach is based on am-
plitude encoding, a technique that maps classical probability distributions to quantum
states. Under this mapping, classical reliability indices become quantum operators, and
stochastic orders translate into relationships between quantum states.

The primary contributions of this work are threefold: (1) We establish a mathemati-
cally sound mapping from classical probability distributions to quantum states and define
corresponding quantum operators for key reliability indices. (2) We prove that, under a
commutativity condition that is automatically satisfied in our diagonal encoding scheme,
the classical hierarchy of stochastic orders is preserved in the quantum domain. We also
provide counterexamples showing where reverse implications fail, thus characterizing the
limits of this preservation. (3) We introduce and analyze quantum algorithms for esti-
mating the expectations of reliability operators, comparing their theoretical complexity
and practical performance through numerical simulations.

This paper is organized as follows: Section 2 reviews the necessary background on
classical stochastic orders and quantum mechanics. Section 3 presents our core frame-
work, detailing the classical-to-quantum mapping and the definition of quantum relia-
bility operators and stochastic orders. Section 4 contains our main theoretical results
on the preservation of stochastic orders. Section 5 discusses extensions to mixed states
and majorization. Section 6 introduces quantum estimation methods. Section 7 presents
numerical simulations. Section 8 concludes with a discussion of implications and future
directions.
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2 Preliminaries
Let X and Y be non-negative random variables representing system lifetimes, with dis-
tribution functions FX(t) and FY (t), survival functions SX(t) = 1 − FX(t) and SY (t) =
1 − FY (t), probability density functions (assuming absolute continuity) fX(t) and fY (t),
and hazard rate functions hX(t) = fX(t)

SX(t)
and hY (t) = fY (t)

SY (t)
. The following stochastic

orders are widely used in reliability theory:

• Usual stochastic order: X �st Y if and only if SX(t) ≤ SY (t) for all t ≥ 0.

• Hazard rate order: X �hr Y if and only if hX(t) ≥ hY (t) for all t ≥ 0.

• Likelihood ratio order: X �lr Y if and only if the ratio fX(t)
fY (t)

is a non-increasing
function of t over the union of the supports of X and Y .

• Convex order: X �cx Y if and only if E[ϕ(X)] ≤ E[ϕ(Y )] for every convex function
ϕ : R → R, provided the expectations exist.

These orders are related through the following hierarchy:

X �lr Y =⇒ X �hr Y =⇒ X �st Y.

The convex order is generally not directly comparable to the others unless additional
conditions (like equal means) are imposed. For further study and the relationships among
the mentioned stochastic orders, one may refer to [6].

2.1 Quantum mechanics and operator theory
In quantum mechanics, the state of a physical system is described by a vector in a complex
Hilbert space H. For the purposes of this work, we consider H = L2(R), the space
of square-integrable functions. A pure state is represented by a unit vector |ψ〉 ∈ H.
Equivalently, it can be represented by a density operator ρ = |ψ〉〈ψ|, which is a positive
semi-definite operator with unit trace (Tr(ρ) = 1). More generally, a mixed state is a
convex combination of pure states: ρ =

∑
i pi|ψi〉〈ψi|, where pi ≥ 0 and

∑
i pi = 1.

Physical observables are represented by self-adjoint (Hermitian) operators A = A†.
The expected value of an observable A in state ρ is given by the Born rule:

〈A〉ρ = Tr(Aρ).

According to the spectral theorem, every self-adjoint operator A admits a spectral de-
composition as

A =
∑
i

ai|ai〉〈ai|,

where {ai} are the eigenvalues and {|ai〉} the corresponding orthonormal eigenvectors.
This decomposition allows us to define functions of operators: if g : R → R is a real-
valued function, then

g(A) =
∑
i

g(ai)|ai〉〈ai|.
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An important concept for comparing operators is the Loewner order: for two self-
adjoint operators A and B, we write A �L B if B − A is positive semi-definite. This
generalizes the usual ordering of real numbers to operators and will play a central role in
our quantum generalization of stochastic orders.

3 Proposed framework: Classical-to-quantum map-
ping

Let fX(x) be the probability density function of a real-valued random variable X (we
assume X ≥ 0 for reliability applications, but the framework is general). We map this
classical distribution to a pure quantum state in H = L2(R) via amplitude encoding

|ψf〉 =
∫ ∞

−∞

√
fX(x) |x〉 dx,

where {|x〉 : x ∈ R} is the position basis, satisfying 〈x|x′〉 = δ(x−x′). The corresponding
density operator is ρf = |ψf〉〈ψf |. Since 〈ψf |ψf〉 =

∫
fX(x)dx = 1, |ψf〉 is indeed a unit

vector and ρf a valid density operator.
For a discrete random variable taking values xi with probabilities pi, the mapping

becomes

|ψf〉 =
∑
i

√
pi |xi〉.

This encoding preserves the norm and encodes the square root of the probability
density (or mass) function into the quantum state’s amplitudes hence the term ”amplitude
encoding.”

To each classical function g : R → R, we associate a quantum operator G defined as
a multiplicative operator in the position basis:

G =

∫ ∞

−∞
g(x) |x〉〈x| dx.

For discrete settings, it follows that G =
∑

i g(xi)|xi〉〈xi|.

Theorem 3.1. Let X be a random variable with probability density function fX , and let
g be a Borel-measurable function. Let ρf be the state obtained via amplitude encoding of
fX , and let G be the operator corresponding to g. Then, we have

〈G〉ρf = Tr(Gρf ) = Ef [g(X)].
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Proof. It suffices to compute the trace in the position basis, we have

Tr(Gρf ) =

∫ ∞

−∞
〈x|Gρf |x〉 dx

=

∫ ∞

−∞

∫ ∞

−∞
g(y)〈x|y〉〈y|ψf〉〈ψf |x〉 dy dx

=

∫ ∞

−∞

∫ ∞

−∞
g(y)δ(x− y)

√
fX(y)

√
fX(x) dy dx

=

∫ ∞

−∞
g(x)fX(x) dx = Ef (g(X)).

This theorem ensures that quantum expectations computed in the encoded states
match their classical counterparts, providing a faithful representation of classical proba-
bilistic quantities in the quantum domain.

Using the above construction, we define quantum operators for key reliability indices:

• Survival function operator:

S(t) =

∫ ∞

t

|x〉〈x|dx,

then, 〈S(t)〉ρf =
∫∞
t
fX(x)dx = SX(t).

• Hazard rate operator:
H =

∫ ∞

−∞
hX(x) |x〉〈x|dx.

Its expectation gives the average hazard rate: 〈H〉ρf = Ef [hX(X)].

• Mean residual life operator: The classical mean residual life at t ismX(t) = E(X−t |
X > t). The corresponding operator is given by

M(t) =

∫ ∞

t

(x− t)|x〉〈x|dx,

with 〈M(t)〉ρf = mX(t).

Based on the operator formalism, we define quantum analogues of the classical stochastic
orders:

• Usual stochastic order: ρf �st ρg if and only if 〈S(t)〉ρf ≤ 〈S(t)〉ρg for all t ≥ 0.

• Hazard rate order: ρf �hr ρg if and only if for all t ≥ 0,

〈δt〉ρf
〈S(t)〉ρf

≥
〈δt〉ρg

〈S(t)〉ρg
,

where δt is an operator approximating the Dirac delta at t, e.g., a narrow projection
around t.

5



• Likelihood ratio order: ρf �lr ρg if and only if the ratio f(x)
g(x)

is non-increasing in x.
Since in our encoding the diagonal elements of ρf and ρg in the position basis are
exactly f(x) and g(x), this condition translates directly to the quantum states.

• Convex order: ρf �cx ρg if and only if for every convex function ϕ,

〈Φ(G)〉ρf ≤ 〈Φ(G)〉ρg ,

where Φ(G) =
∫
ϕ(x)|x〉〈x|dx and G =

∫
x|x〉〈x|dx is the position operator.

These definitions reduce to their classical counterparts when expectations are com-
puted, thanks to Theorem 3.1.

4 Main Results
In this section, we present the main theorems. These theorems demonstrate under which
conditions the well-known relationships among classical stochastic orders remain valid in
the proposed quantum framework.

Theorem 4.1. If X �st Y , then ρf �st ρg.

Proof. We have, X �st Y means Sf (t) ≤ Sg(t) for all t. From Theorem 3.1, 〈S(t)〉ρf =
Sf (t) and 〈S(t)〉ρg = Sg(t). Hence 〈S(t)〉ρf ≤ 〈S(t)〉ρg for all t, which is exactly ρf �st
ρg.

Theorem 4.2. Assume X �hr Y and that all operators S(t), δt, ρf , ρg commute pairwise.
Then ρf �hr ρg.

Proof. The commutativity condition ensures that we can work in a common eigenbasis
(the position basis) where all operators are diagonal. In this basis, ρf =

∫
f(x)|x〉〈x|dx,

ρg =
∫
g(x)|x〉〈x|dx, S(t) =

∫∞
t

|x〉〈x|dx, and δt is localized near t. Then:

〈δt〉ρf
〈S(t)〉ρf

≈ f(t)

Sf (t)
= hf (t),

〈δt〉ρg
〈S(t)〉ρg

≈ g(t)

Sg(t)
= hg(t).

Since X �hr Y implies hf (t) ≥ hg(t) for all t, the inequality holds for the quantum
expectations, establishing ρf �hr ρg.

Note that in our specific construction, all these operators are diagonal in the position
basis, so the commutativity condition is automatically satisfied.

Theorem 4.3. If X �lr Y , then ρf �lr ρg.

Proof. The likelihood ratio order is defined by the monotonicity of f(x)/g(x). In the
position basis, 〈x|ρf |x〉 = f(x) and 〈x|ρg|x〉 = g(x). Therefore, the condition ρf �lr ρg is
equivalent to ⟨x|ρf |x⟩

⟨x|ρg |x⟩ being non-increasing in x, which is exactly the classical condition.

Theorem 4.4. If X �cx Y , then ρf �cx ρg.
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Proof. For any convex function ϕ, define Φ(G) as above. By Theorem 3.1, 〈Φ(G)〉ρf =
Ef [ϕ(X)] and 〈Φ(G)〉ρg = Eg[ϕ(Y )]. The classical convex order implies Ef [ϕ(X)] ≤
Eg[ϕ(Y )], hence 〈Φ(G)〉ρf ≤ 〈Φ(G)〉ρg . Since ϕ was arbitrary, this yields ρf �cx ρg.

Under the commutativity condition, the following implications hold

ρf �lr ρg =⇒ ρf �hr ρg =⇒ ρf �st ρg.

In the following, we present a counterexample demonstrating that the reverse implications
of the above statements do not hold. Consider two discrete distributions on {1, 2} as
follows

f(1) = 0.9, f(2) = 0.1; g(1) = 0.6, g(2) = 0.4.

Their quantum states are:

|ψf〉 =
√
0.9|1〉+

√
0.1|2〉, |ψg〉 =

√
0.6|1〉+

√
0.4|2〉.

We have Sf (1) = 0.1 < 0.4 = Sg(1), but Sf (2) = 0 = Sg(2). Thus ρf 6�st ρg because the
inequality must hold for all t. This shows that even if ρf appears ”riskier” at some points,
the full stochastic order may not hold. Consequently, the reverse implications �st⇒�hr
and �hr⇒�lr are generally false.

5 Discussion and Conclusion
We have presented a comprehensive framework for quantizing reliability analysis and
stochastic order theory. The core idea amplitude encoding of probability distributions
allows a seamless transition from classical to quantum representations, preserving the
essential relationships among reliability indices and stochastic orders under a natural
commutativity condition. Our theoretical results establish that the classical hierarchy of
orders (likelihood ratio ⇒ hazard rate ⇒ usual stochastic) carries over to the quantum
domain, while reverse implications generally do not, as illustrated by counterexamples. In
conclusion, by bridging classical reliability theory with quantum information science, this
paper lays a foundation for quantum-enhanced reliability analysis, potentially unlocking
new efficiencies in the assessment and design of complex engineering systems.
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Coherent Systems Subject to Fatal Shocks
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Abstract

This paper examines a coherent system subject to fatal shocks modeled as a
nonhomogeneous Poisson process, with each shock causing exactly one component
failure. We propose a preventive maintenance (PM) policy that inspects the sys-
tem at a random time X before the scheduled PM time TPM . During inspection,
if the number of failed components exceeds a threshold m, a PM action is taken
immediately unless it is postponed to TPM . Additionally, in the event of system
failure, corrective maintenance (CM) is performed. The analysis derives the mean
cost per unit time for this PM model and determines the optimal values of TPM and
m to minimize this cost. To illustrate the effectiveness of the proposed maintenance
approach, examples are examined numerically and graphically.

Keywords: Random Inspection, Mean cost function, Repairable Systems, Non-
homogeneous Poisson Process, Reliability.
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1 Introduction
In reliability engineering, maintenance policies are performed to maintain systems in
working conditions and avoid the sudden failure of the systems that imposes some costs.
Maintenance policies often include corrective maintenance (CM) and preventive main-
tenance (PM). CM involves unplanned interventions to correct system failures and PM
is a planned maintenance technique that aims to prevent catastrophic failures. Mainte-
nance policies for systems that are subject to shocks are studied by some authors. For
example, Finkelstein and Gertsbakh [6] studied age-based and shock-based PM policies
for systems that are subject to shocks, and as a result of each shock exactly one com-
ponent fails. Zarezadeh and Ashrafi [8] extended the work of [6] to the case where, as a
result of each shock, some components may fail. Eryilmaz and Devrim [4] examined an
optimal replacement model for k-out-of-n systems whose components are under random
shocks. Recently, the postponed PM policy, in which an inspection is performed before
the scheduled PM time, has been investigated from different aspects. Finkelstein et al. [5]
considered a single-unit system that is inspected at a predetermined time Ts, and based
on the degradation level of the system, it is decided to perform PM at Ts or to postpone it
to another time. Asadi [1] studied the postponed PM policy for coherent systems consist-
ing of n components. Ashrafi and Asadi [3] studied a postponed PM policy in which the
inspection is performed at a random time. Asadi [2] explored the postponed PM policy
for systems that are subject to shocks and as a result of each shock exactly one component
fails. The aim of this work is to extend the work of [2] to the case where the inspection
time is random.

In this paper, we consider a coherent system consisting of n components that is subject
to fatal shocks. It is assumed that as a result of each shock exactly one component fails.
Under the assumption that shocks arrive as a nonhomogeneous Poisson process (NHPP),
a PM policy is investigated. In the proposed PM model, the system is inspected at a
random time X before the scheduled PM time TPM . At random time X, components are
inspected. If the number of failed components at X is more than a critical value m, we
perform PM action. Otherwise, we postpone PM to the time TPM . Also, at the time of
the system failure, we perform corrective maintenance. At the time of applying PM or
CM , whichever occurs first, the failed components are replaced with new ones and the
working components are repaired to a new state. The rest of the paper is structured as
follows. In Section 2, first the proposed PM policy is described. Then, by considering
some costs for PM action, CR action, renewing the failed components, and repairing the
working components, the mean cost function is obtained. In Section 3, we apply the PM
policy for a 4-out-of-6 system to illustrate the applications of the proposed model.

2 Description of the PM Model
In this paper, we consider a coherent system consists of n components having signature
vector as s = (0, ..., 0, sk, ..., sn). Suppose that the system components are subject to
shocks that arrive as a NHPP at random times ϑ1, ϑ2, ... and as a result of each shock one
component fails. Let N(t) denote the number of shocks until time t. The aim of this paper
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is to investigate a PM policy for such a system. In the proposed model, we assume that
the system starts operating at t = 0 and a predetermined TPM is scheduled as the PM
time. We further assume that the system is inspected at a random time X (X < TPM)
to assess the number of failed components. If the number of failed components is more
than m, m ∈ {0, ..., k − 1}, we apply the PM action to prevent the system from costly
failure. Otherwise, we postpone the PM action until TPM . Also, at the system’s failure
time, corrective maintenance is performed. In fact, at the random inspection time X if
the number of failed components is more than m, or at the system failure time or at TPM ,
whichever comes first, that is a renewal cycle, the failed components are replaced with
new ones, and the working components are repaired to become “as good as new”. Before
presenting the cost function, we recall the NHPP.

A counting process {N(t), t ≥ 0} is said to be a non-homogeneous Poisson process
with intensity function λ(t), if the following conditions are satisfied:

(i) N(0) = 0.

(ii) For any 0 ≤ t1 < t2 < · · · < tk, the increments N(t1), N(t2)−N(t1), . . . , N(tk)−
N(tk−1) are independent.

(iii) For each t > 0, N(t) has a Poisson distribution with mean m(t) =
∫ t

0
λ(x) dx.

The function m(t) is known as the mean value function of the NHPP. In an NHPP, we
have

P (N(t) = k) =
(m(t))ke−m(t)

k!
, k = 0, 1, 2, . . . .

For further details regarding the properties of the NHPP, the reader is referred to [7].
Suppose that X has density function g(x|TPM), and let m(t) denote the mean value

function of the NHPP. Also, let c1 denote the cost of replacing a failed component with a
new one, and c2 is the cost of repairing a working component (c1 > c2). Suppose that the
cost of corrective maintenance is cCM , and the cost of preventive maintenance is cPM ,
(cPM << cCM). Assume that at the system’s failure time or at the time of performing
PM , i components have failed. Define the cost functions

CCM(i, n, c1, c2) = ic1 + (n− i)c2 + cER,

CPM(i, n, c1, c2) = ic1 + (n− i)c2 + cPM .

In the proposed PM policy, one of the following cases may happen:
1. If the system fails before X, corrective maintenance is performed on the system.

In this case, the expected cost and the mean length of one renewal cycle can be
obtained, respectively, as

C1(TPM) =
n∑

i=k

CCM(i, n, c1, c2)P (T ≤ X|T = ϑi)P (T = ϑi)

=
n∑

i=k

siCCM(i, n, c1, c2)

∫ TPM

0

(1−
i−1∑
j=0

(m(t))j

j!
e−m(t))g(t|TPM)dt

11



and

µ1(TPM) = P (T ≤ X)E(T |T ≤ X)

=

TPM∫
0

t∫
0

P (u < T ≤ t)g(t|TPM)dudt

=
n∑

i=k

si

TPM∫
0

t(1−
i−1∑
j=0

(m(t))j

j!
e−m(t))g(t|TPM)dt

−
n∑

i=k

si

TPM∫
0

t∫
0

(1−
i−1∑
j=0

(m(u))j

j!
e−m(u))g(t|TPM)dudt

2. If the system works at random inspection time X, and the number of failed com-
ponents is more than m, m ∈ {0, ..., k − 1} , the PM action is performed on the
system. In this case, the expected cost and the mean length of one renewal cycle
can be obtained as

C2(TPM ,m) =
n∑

i=m+1

CPM(i, n, c1, c2)P (T > X,N(X) = i)

=
n∑

i=m+1

n∑
j=i+1

sjCPM(i, n, c1, c2)

TPM∫
0

(m(t))i

i!
e−m(t)g(t|TPM)dt

and

µ2(TPM ,m) = P (T > X,N(X) > m)E(X|T > X,N(X) > m)

=

TPM∫
0

tP (T > t,N(t) > m)g(t|TPM)dt

=
n−1∑

j=m+1

n∑
i=j+1

si

TPM∫
0

t
m(t)j

j!
e−m(t)g(t|TPM)dt

3. If the number of failed components is less than or equal to m and the system fails
before TPM , corrective maintenance is done on the system. In such a situation, the

12



expected cost and the mean length of one renewal cycle can be calculated as

C3(TPM ,m) =
m∑
j=0

n∑
i=k

CCM(i, n, c1, c2)P (T ≤ TPM , N(X) = j|T = ϑi)P (T = ϑi)

=
m∑
j=0

n∑
i=k

siCCM(i, n, c1, c2)

TPM∫
0

(1−
i−j−1∑
y=0

(m(TPM)−m(t))y

y!
e−(m(TPM )−m(t)))

(m(t))j

j!
e−m(t)g(t|TPM)dt

and

µ3(TPM ,m) = P (T ≤ TPM , N(X) ≤ m)E(T |T ≤ TPM , N(X) ≤ m)

=

TPM∫
0

TPM∫
0

P (u < T ≤ TPM , N(t) ≤ m)g(t|TPM)dudt

= TPM

m∑
j=0

n∑
i=k

si

TPM∫
0

(1−
i−j−1∑
y=0

(m(TPM)−m(t))y

y!
e−(m(TPM )−m(t)))

(m(t))j

j!
e−m(t)g(t|TPM)dt

−
m∑
j=0

n∑
i=k

si

TPM∫
0

TPM∫
t

(1−
i−j−1∑
y=0

(m(u)−m(t))y

y!
e−(m(u)−m(t)))

(m(t))j

j!
e−m(t)g(t|TPM)dudt

4. If the number of failed components is less than or equal to m at time X, and the
system does not fail until TPM , the PM action is performed on the system at TPM .
In such a situation, the expected cost and the mean length of one renewal cycle can
be calculated as

C4(TPM ,m) =
m∑
j=0

n−1∑
i=j

CPM(i, n, c1, c2)P (T > TPM , N(X) = j,N(TPM) = i)

=
m∑
j=0

n−1∑
i=j

n∑
r=i+1

srCPM(i, n, c1, c2)

TPM∫
0

(m(TPM)−m(t))i−j

(i− j)!
e−m(TPM ) (m(t))j

j!
g(t|TPM)dt
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and

µ4(TPM ,m) = TPM

m∑
j=0

P (T > TPM , N(X) = j)

= TPM

m∑
j=0

n∑
i=k

si

TPM∫
0

i−j−1∑
y=0

(m(TPM)−m(t))y

y!
e−m(TPM )m(t)j

j!
g(t|TPM)dt

Therefore, the mean cost is given as

η(TPM ,m) = C1(TPM) + C2(TPM ,m) + C3(TPM ,m) + C4(TPM ,m)

and the mean length is given as

µ(TPM ,m) = µ1(TPM) + µ2(TPM ,m) + µ3(TPM ,m) + µ4(TPM ,m).

The long-run average cost per unit of time is obtained as

C(TPM ,m) =
η(TPM ,m)

µ(TPM ,m)
.

The aim is to obtain the parameters TPM and m that minimize the mean cost per unit
of time.

3 Illustrative Example
In this section, as a practical example, we consider an emergency reactor cooling system
comprising six cooling pumps. Assume that the system remains operational if at least
three of six pumps are active; that is, it has a 3-out-of-6 redundancy structure. Oper-
ationally, these components are subject to thermal, mechanical, and operational shocks.
Assume that the cooling system experiences random external shocks, where each shock
causes the failure of exactly one of the six pumps.

In the following, we investigate the proposed PM policy in Section 2 for such a system.
It is clear that the signature vector of this system is given by s = (0, 0, 0, 1, 0, 0). Then,
m ∈ {0, 1, 2, 3}. Let the random inspection time X has the truncated beta distribution
as

g(t|TPM) =
2t

T 2
PM

; 0 < t < TPM

and the shocks arriving as NHPP with mean value function m(t) = t2. Then

P (N(t) = i) =
(t2)i

i!
e−t2 , i = 0, 1, ...

Figure 1, showes the plots of the mean cost function C(TPM ,m) as a function of TPM , for
cost values c1 = 5($1000), c2 = 1($1000), cPM = 10($1000), cCM = 50($1000) and different
value of m, m = 0, 1, 2, 3.
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Figure 1: The plots of cost function C(TPM ,m) as function of TPM for different values of
m: The upper-left plot is m = 0, the upper-right is m = 1, the lower-left is m = 2, and
lower-right shows the plot of m = 3.

Table 1 shows the optimal values of TPM and related optimal costs C(TPM ,m) for
different values of m, cPM and cCM . From the table, it can be seen that

1. when cCM is constant, the optimal time to perform preventive maintenance (T ∗
PM)

is increasing in cPM . That is, as the cost of preventive maintenance rises, the
preventive maintenance should be performed later.

2. when cPM is constant, the optimal time T ∗
PM is decreasing in cCM . That is, when

the cost of corrective maintenance increases, it is needed to carry out PM earlier.

3. for cCM = 50 and cPM = 30, C(T ∗
PM ,m), gets its minimum at m = 2, and for other

cost parameters C(T ∗
PM ,m) achieves its minimum at m = 1.
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Table 1: The optimal PM times and the related cost values for different values of cPM and
cCM .

m = 0 m = 1
cCM cPM T ∗

PM C(T ∗
PM , 0) T ∗

PM C(T ∗
PM , 1)

50 10 1.3037 20.1818 1.24198 19.6974
20 1.558 27.7999 1.46794 26.9215
30 1.89595 33.8528 1.73776 32.6801

100 10 1.14954 21.4489 1.10065 21.0291
20 1.30119 30.367 1.24187 29.5471
30 1.43556 38.3488 1.36391 37.1104

150 10 1.07601 22.2299 1.03165 21.8635
20 1.19959 31.7986 1.1482 31.0551
30 1.30026 40.5521 1.24183 39.3968

m = 2 m = 3
cCM cPM T ∗

PM C(T ∗
PM , 2) T ∗

PM C(T ∗
PM , 3)

50 10 1.20525 19.8509 1.17154 20.1556
20 1.42378 27.0097 1.38277 27.4315
30 1.68074 32.5771 1.63392 32.9917

100 10 1.06631 21.3082 1.03539 21.7014
20 1.20308 29.8857 1.16666 30.492
30 1.132159 37.4276 1.28091 38.1982

150 10 0.998602 22.2141 0.969386 22.6543
20 1.11134 31.5255 1.07745 32.2169
30 1.20226 39.9203 1.16483 40.8278
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A Survival modeling Framework For Mortality
Decline in Cancer Populations
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Abstract
The phenomenon of mortality deceleration—the observed slowing or reversal of

the mortality hazard at extreme ages—has been formalized by a non-homogeneous
Poisson process (NHPP) of external shocks. While that additive hazard model
captures population heterogeneity, it relies on fixed frailties and ignores time-
varying covariate effects. We propose a unified extension that integrates some
recent methodological developments in this survival analysis area: (i) a model that
provides interpretable log-hazard functions under the proportional hazards assump-
tion, (ii) a survival model that relaxes the proportionality constraint by treating
time as a direct input, and (iii) a recurrent‑event random survival forest that han-
dles multiple event times and right censoring. Using simulated data calibrated to
real-world cancer registries, we compare the three approaches that all of them sub-
stantially outperform the classical NHPP‑based hazard model. The findings suggest
that flexible survival frameworks provide a statistically robust approach for mod-
eling heterogeneous mortality processes in cancer survival and aging research. The
proposed methodology offers an extension of stochastic mortality theory and may
be applicable to broader biomedical settings involving long-term hazard stabiliza-
tion and cure-like survival behavior.

Keywords: Mortality deceleration, Survival analysis, Hazard model, Cancer sur-
vival.
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1 Introduction
Understanding why mortality hazards decelerate or stabilize during long-term follow-up
remains one of the fundamental challenges in modern survival analysis and demographic
modeling. Classical mortality theory generally assumes that hazard functions increase
monotonically with age or disease progression. However, empirical studies in oncology,
aging research, and reliability theory frequently demonstrate that mortality rates may
flatten or even decline after extended follow-up periods.

This phenomenon, commonly referred to as mortality deceleration, has been observed
in multiple biomedical settings, particularly among long-term cancer survivors. Indi-
viduals surviving beyond an initial high-risk period often experience substantially lower
subsequent mortality risk than predicted by standard proportional hazards models. Con-
sequently, conventional survival approaches may overestimate long-term risk and fail to
adequately characterize cure-like survival behavior.

Cha and Finkelstein [3] proposed an important theoretical explanation for this phe-
nomenon using a non-homogeneous Poisson process (NHPP) framework of external stochas-
tic shocks. In their formulation, mortality arises from the cumulative effect of random
damaging events over time. Because individuals with higher frailty tend to fail earlier, the
remaining population becomes progressively enriched with more resilient individuals, lead-
ing to apparent hazard stabilization at later follow-up times. The original Cha–Finkelstein
additive hazard model can be written as

µt = ηΛ(t) + µ0(t)

where Λ(t) denotes the cumulative shock intensity and µ0(t) represents baseline covari-
ates. Although mathematically elegant, this framework has several important limitations.
First, frailty structures are assumed to remain fixed over time. Second, the additive haz-
ard assumption may not adequately capture nonlinear survival dynamics. Third, covariate
effects are constrained and cannot evolve flexibly throughout follow-up.

Recent developments in modern survival learning provide new opportunities to address
these limitations. However, some of the new statistical methods for mortality deceleration
have considered in a paper with this subject [2], yet Flexible neural survival models
and ensemble-based approaches can capture nonlinear hazard structures, time-varying
effects, and heterogeneous patient trajectories without imposing restrictive parametric
assumptions. Despite their growing popularity, relatively little work has investigated
how these methods behave under mortality deceleration settings motivated by stochastic
mortality theory.
an interpretable neural Cox framework,
a flexible nonlinear survival network,
and an ensemble-based survival forest model.

Using simulated survival data calibrated to realistic cancer survival settings, we eval-
uate how effectively these methods recover mortality plateau behavior, identify long-term
survivor subgroups, and reconstruct underlying hazard trajectories.

Our findings suggest that flexible hazard modeling substantially improves both pre-
dictive performance and biological interpretability in settings where mortality hazards do
not increase monotonically over time.
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2 Statistical Methods
2.1 Classical NHPP Mortality Framework
Let N(t) be the number of shocks experienced by an individual up to time t, following an
NHPP with intensity ν(t). The cumulative intensity is Λ(t) =

∫ t

0
ν(s)ds. The observed

hazard of death is
h(t) = ηΛ(t) + µ0(t),

where η is the baseline parameters and µ0(t) is the baseline mortality. This additive form
reflects that death can occur either from the accumulated damage of shocks (first term)
or from other causes (second term). When the NHPP intensity ν(t) decreases with time,
the additive hazard can plateau.

2.2 Flexible Hazard Extension
CoxSE introduced by Ashary, et al. [1] replaces the linear predictor µ0(t) with a flexible,
interpretable function:

η(x) = 〈w(x), x〉,
where w(x) is a vector of concept‑level importance weights learned by a neural network.
The log‑hazard becomes log h(t|x) = log h0(t)+η(x), and the model is fitted by minimizing
the negative Cox partial likelihood:

ℓ(θ) = −
∑
i:δi=1

η(xi)− log
∑

j∈R(ti)

exp(η(xj))

 .
The NHPP component is incorporated by including the cumulative intensity Λ(t) as a
time‑dependent covariate. In practice, we estimate Λ(t) from the data using a flexible
spline and then include it in the linear predictor.

2.3 Extension via SurvKAN
SurvKAN that is introduced in a paper [4] directly models the hazard as a function of
time and covariates:

h(t, x) = exp (fKAN(t, x)) ,

with

fKAN(t, x) =
2n+1∑
q=1

ϕq

(
αqt+

d∑
p=1

βpqxp

)
.

Here αq, βpq are learnable parameters, and ϕq are univariate spline functions represented
as linear combinations of B‑splines. The model is trained by maximizing the full survival
likelihood:

L =
n∏

i=1

h(ti, xi)
δi exp

(
−
∫ ti

0

h(s, xi)ds

)
.

Because the hazard depends on time and covariates in a completely flexible way, SurvKAN
can capture the decelerating pattern without assuming any additive structure.
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2.4 Extension via Recurrent event Random Survival Forest
This model is in a paper [5] that is designed for recurrent event data, but it can also be
adapted to single event survival by viewing each subject as having at most one event.
Specifically, for a candidate split on covariate xj at value c, the split statistic is:

Ssplit = U⊤
splitI

−1
splitUsplit,

where Usplit is the score vector of the model under the null of no split, and Isplit is its
Fisher information. The forest aggregates predictions by averaging the expected number
of events over all trees, yielding a non parametric estimate of the cumulative hazard.
Because the forest is not constrained by any parametric form, it can naturally detect the
plateau if a subgroup of subjects has an extremely low event rate after a certain time.

3 Simulation study

3.1 Data-generating Process
We simulated a cohort of 2000 individuals following the Cha–Finkelstein NHPP model
with added time varying covariates. For each individual we generated the Age, Comorbid-
ity, Treatment, Shocks follow an NHPP with intensity, Individual frailty multiplier: Z ∼
Gamma(1/θ, 1/θ), Observed hazard for death: h(t) = Z·

[
ηΛ(t)+βeα1age+α2comorbidity−α3treatment],

and Survival times were generated from this hazard.

3.2 Model Implementation
All models were trained on a 60% training set, validated on 20%, and tested on the
remaining 20%. Performance was measured by the concordance index (C index) and by
the calibration of the predicted vs. observed survival at 12, 24, and 36 months.

3.3 Evaluation of Mortality Plateau
For each model we computed the predicted hazard at the maximum observed time (60
months) for each subject. Subjects with predicted hazard below the 10th percentile of
the distribution were classified as “long term survivors”. The proportion of such subjects
was compared across models.

4 Main Results

4.1 Predictive Performance
Table 1 reports the test set C indixes and calibration scores.

All three advanced models significantly outperformed the standard Cox model.
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Table 1: Your table’s caption
Model C index (95% CI) Integrated Brier score (24 mo)

Standard Cox 0.723 (0.689–0.757) 0.178
CoxSE 0.812 (0.778–0.846) 0.152

SurvKAN 0.827 (0.795–0.859) 0.141
RecForest 0.835 (0.804–0.866) 0.135

4.2 Variable Importance
For CoxSE and RecForest we computed variable importance. It is obvious from the figures
1 and 2 that age was the strongest predictor in both models, followed by comorbidity and
treatment.
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Figure 1: Variable importance in the coxSE Model

Figure 2: Variable importance in the RecForest Model

5 Conclusion
In this study, we extended the mortality deceleration framework of Cha and Finkelstein
using modern flexible survival modeling approaches capable of representing nonlinear
and heterogeneous hazard dynamics. Unlike classical additive mortality formulations,
the proposed extensions allow the hazard structure to evolve adaptively over time and
therefore provide a more realistic representation of long-term survival processes.

Across all simulation settings, flexible survival approaches demonstrated improved
discrimination, calibration, and long-term hazard estimation compared with conventional
proportional hazards models. More importantly, the proposed methods successfully re-
covered hazard plateau behavior and identified subgroups of long-term survivors, a phe-
nomenon frequently observed in oncology studies but insufficiently captured by standard
survival frameworks.

The results further suggest that mortality deceleration should not be interpreted solely
as a demographic phenomenon, but also as a consequence of dynamic heterogeneity within
surviving populations. From this perspective, flexible hazard models may provide impor-
tant insight into treatment responsiveness, latent frailty structures, and long-term disease
progression.
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Among the investigated approaches, the ensemble survival forest achieved the strongest
predictive performance, whereas the nonlinear survival network produced smoother haz-
ard trajectories and improved temporal flexibility. The interpretable neural Cox frame-
work provided an effective compromise between interpretability and predictive accuracy
through its locally explainable hazard representation.

Overall, the present study highlights the importance of flexible survival modeling in
settings where mortality hazards do not increase monotonically over time and provides
a practical statistical framework for studying complex long-term survival dynamics in
heterogeneous populations.
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Abstract

In this paper, we first introduce two measures of extropy based on k-records and
next introduce goodness-of-fit test for assessing exponentiality based on them. To
demonstrate the advantage of the proposed test, 58 competing tests were considered
and their adjusted powers were computed against various alternative distributions.
The power results indicate that our two proposed tests exhibit high adjusted power
when the alternatives have increasing failure rate or decreasing hazard rate and a
unimodal hazard rate. Finally, three real-world examples are used to demonstrate
the applicability and robustness of the proposed tests.

Keywords: Testing exponentiality, Adjusted power, Record value.

1 Introduction
Extropy of a non-negative random variable X that is absolutely continuous with cumu-
lative distribution function (cdf) FX(x) and probability density function (pdf) fX(x) is
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defined by Lad et al. [1] as the complementary point of entropy. The study of information
measures for ordered random variables, such as order statistics and records, is important
because they provide additional information about data ranks. Among them, records
are significant but rarely occur in practice, making statistical inference challenging. To
address this issue, k-records have been introduced, appearing more frequently than clas-
sical records and allowing for more precise statistical analysis. Jose and Sathar ([2],[3])
proposed the residual extropy and the past extropy of k-records. For further studies on
extropy, one may also refer Sathar and Nair [4], Gupta et al. [5], Tahmasebi and Toomaj
[6] and Noughabi and Jarrahiferiz [7].

The concept of k-records was introduced in Dziubdziela and Kopociński [8]. Suppose
{Xi, i ≥ 1} is a sequence of independent and identically distributed (iid) random variables
and Xp:q is the p-th order statistic in a random sample of size q. For a positive integer
k, TU

n(k) for n = 1, 2, . . . are denoted the times at which upper k-record values occur
and are defined by TU

1(k) = k and, for n ≥ 2, by TU
n(k) = min{j; j > TU

n−1(k), Xj >

XTU
n−1(k)

−k+1:TU
n−1(k)

}. Moreover, {Un(k) = XTU
n(k)

−k+1:TU
n(k)

} are defined as the sequence of
upper k-record values. If the parent distribution is absolutely continuous with survival
function F̄X(x) and pdf fX(x), then the pdf of the n-th upper k-record value, Un(k), is
given by (see Arnold et al. [9])

fn(k)(x) =
kn

Γ(n)
[− ln F̄X(x)]

n−1[F̄X(x)]
k−1fX(x), n = 1, 2, . . . (1.1)

Similarly, TL
n(k) for n = 1, 2, ... are denoted the times at which lower k-record values oc-

cur and are defined by TL
1(k) = k and TL

n(k) = min{j; j > TL
n−1(k), Xj < XTL

n−1(k)
−k+1:TL

n−1(k)
}.

Then, we define the sequence of lower k-records denoted by Ln(k) as {Ln(k) = XTL
n(k)

−k+1:TL
n(k)

}.
The pdf of nth lower k-record value, Ln(k), is given by (see Ahsanullah [10])

gn(k)(x) =
kn

Γ(n)
[− lnFX(x)]

n−1[FX(x)]
k−1fX(x), n = 1, 2, . . . (1.2)

The remaining sections of this paper are organized as follows. In Section 2 developed
test statistics for testing the exponentiality based on two exponential extropies. In Section
3 by the simulation study, adjusted power of the proposed tests with other competing tests
for samples of sizes 20 and 50 is compared. Section 4, gives applications of the tests in
real examples.

In the following, we define two new extropies based on k-records.

1.1 Preliminary Definitions
We begin by presenting two alternative measures of uncertainty based on k-records, which
will be used in constructing the proposed test statistic.
Definition 1.1. Let {Xi, i ≥ 1} be a sequence of iid random variables with pdf f and cdf
F . Then, we define the exponential extropy (EEx) of nth upper k-record value, denoted
by EEX α(Un(k)), as

EEX α(Un(k)) = −1

2

∫ ∞

0

[
fn(k)(x)

]2
eαfn(k)(x) dx, (1.3)
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where fn(k)(x) is the pdf of the upper k-record values given in (1.1).

Definition 1.2. Let {Xi, i ≥ 1} be a sequence of iid random variables with pdf f and
cdf F . Then, we define the weighted exponential extropy (WEEx) of nth upper k-record
value, denoted by EEX (w)

α (Un(k)), as

EEX (w)
α (Un(k)) = −1

2

∫ ∞

0

x
[
fn(k)(x)

]2
eαxfn(k)(x) dx. (1.4)

Similarly, we can express EEX α and EEX (w)
α of n-th lower k-record value with the pdf

of the lower k-record as given in (1.2). In this paper, we present the results and discussions
based on the upper k-record and equivalent results also hold for lower k-record, but we
have omitted them.

Testing for exponentiality has long been an interesting issue in statistical inferences
and still attracts considerable attention. Determining whether a random sample is drawn
from this distribution is of great importance. Our main goal in this paper is to perform
a goodness-of-fit test for the exponential distribution using the EEX α and EEX (w)

α .

2 The Test Statistics for Testing Exponentiality
Let X1, X2, . . . , XN be a random sample of size N from a continuous distribution FX .
The hypothesis of interest is

H0 : FX(x) = F0(x;λ)

H1 : FX(x) 6= F0(x;λ), (2.1)

where λ > 0 is an unknown parameter and

F0(x;λ) = 1− e−λx, x > 0,

is the cdf of Exponential random variable, dented by Exp(λ). The unknown parameter is
estimated using the maximum likelihood estimation (MLE) method.

Considering the problem of testing (2.1), we suggest our test statistics for testing
exponentiality as

EEXα,n(k) = EEX α(Un(k))− EEX α(U
∗
n(k)) (2.2)

and

EEX
(w)
α,n(k) = EEX (w)

α (Un(k))− EEX (w)
α (U∗

n(k)) (2.3)

where EEX α(U
∗
n(k)) and EEX (w)

α (U∗
n(k)) denote, respectively, the EEx and WEEx of

the n-th upper k-record value arising from an exponential distribution. To derive an
expression for EEXα,n(k) and EEX

(w)
α,n(k), we need to derive an expression for EEx and

WEEx of nth upper k-record value, respectively. For simplicity of calculation, we choose
α = 1.
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Case 1. The EEx is given as

EEX 1(Un(k)) = −1

2

∫ ∞

0

f2
n(k)(x) exp(fn(k)(x)) dx

= − k2n

2Γ2(n)

∫ 1

0

[− ln(1− u)]2(n−1)[1− u]2(k−1)

(
dF−1(u)

du

)−1

× exp

(
kn

Γ(n)
[− ln(1− u)]n−1[1− u]k−1

(
dF−1(u)

du

)−1
)

du,

and the EEX 1 of U∗
n(k) can be written as

EEX 1(U
∗
n(k)) = − λk2n

2 Γ2(n)

∫ ∞

0

u2(n−1)e−2uk exp

(
λkn

Γ(n)
un−1e−uk

)
du.

By following the idea in Vasicek [11], EEX 1(Un(k)) can be estimated by replacing the
cumulative distribution function F with empirical distribution function FN and using a
difference operator instead of the differential operator. We put ÊEX 1 as an estimator
of EEX 1 through a random sample X1, . . . , XN and

(
dF−1(u)

du

)−1

will be estimated as
2m
N

X(j+m):N−X(j−m):N
, where X1:N , X2:N , . . . , XN :N are order statistics based on X1, . . . , XN ,

and m denotes the window size, which is a positive integer smaller than
√
N . When

j < m, then X(j−m):N = X1:N , and if j > N −m, then X(j+m):N = XN :N .
In addition, by the MLE method for the λ parameter, EEX 1(U

∗
n(k)) can be estimated as

ÊEX 1(U
∗
n(k)) = − k2n

2X̄Γ2(n)

∫ ∞

0

u2(n−1)e−2uk

× exp

(
kn

X̄Γ(n)
un−1e−uk

)
du,

where X̄ denotes the sample mean.
Now, the estimator of EEX1,n(k) in (2.2) is given by

ÊEX1,n(k) = ÊEX 1(Un(k))− ÊEX 1(U
∗
n(k))

= − k2n

2NΓ2(n)

N∑
j=1

[
− ln

(
1− j

N + 1

)]2(n−1)(
1− j

N + 1

)2(k−1)

× 2m

N(X(j+m) −X(j−m))
exp

(
kn

Γ(n)

[
− ln

(
1− j

N + 1

)]n−1

×
(
1− j

N + 1

)k−1
2m

N(X(j+m) −X(j−m))

)

+
k2n

2X̄Γ2(n)

∫ ∞

0

u2(n−1)e−2uk exp

(
kn

X̄Γ(n)
un−1e−uk

)
du.
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Case 2. The WEEx can be expressed as

EEX (w)
1 (Un(k)) = −1

2

∫ ∞

0

x [fn(k)(x)]
2 exfn(k)(x) dx

= − k2n

2Γ2(n)

∫ 1

0

F−1(u) [− ln(1− u)]
2(n−1)

(1− u)2(k−1)

×
(
dF−1(u)

du

)−1

exp

{
F−1(u)

kn

Γ(n)
[− ln(1− u)]

n−1

× (1− u)k−1

(
dF−1(u)

du

)−1
}
du,

and we have the WEEx for exponential distribution as

EEX (w)
1 (U∗

n(k)) = − k2n

2Γ2(n)

∫ ∞

0

u2n−1e−2uk exp

(
kn

Γ(n)
une−uk

)
du.

Similar to the idea in case 1, we estimate EEX (w)
1 (Un(k)) as

ÊEX
(w)

1 (Un(k)) = − k2n

2NΓ2(n)

N∑
j=1

Xj

[
− ln

(
1− j

N + 1

)]2(n−1)(
1− j

N + 1

)2(k−1)

× 2m

N
(
X(j+m) −X(j−m)

) exp{Xj
kn

Γ(n)

[
− ln

(
1− j

N + 1

)]n−1

×
(
1− j

N + 1

)k−1
2m

N
(
X(j+m) −X(j−m)

)}.
Therefore, our proposed statistic can be estimated by

ÊEX
(w)

1,n(k) = ÊEX
(w)

1 (Un(k))− EEX (w)
1 (U∗

n(k))

= − k2n

2NΓ2(n)

N∑
j=1

Xj

[
− ln

(
1− j

N + 1

)]2(n−1)(
1− j

N + 1

)2(k−1)

× 2m

N
(
X(j+m) −X(j−m)

) exp{Xj
kn

Γ(n)

[
− ln

(
1− j

N + 1

)]n−1

×
(
1− j

N + 1

)k−1
2m

N
(
X(j+m) −X(j−m)

)}

+
k2n

2Γ2(n)

∫ ∞

0

u2n−1e−2uk exp

{
kn

Γ(n)
une−uk

}
du.

Theorem 2.1. Let X1, .., XN be a random sample from distribution F and finite variance
then ÊEXα,n(k) and ÊEX

(w)

α,n(k) are consistent.

The proposed test statistic ÊEXα,n(k) is not scale invariant but ÊEX
(w)

α,n(k) is scale
invariant.

Theorem 2.2. Suppose X1, X2, . . . , XN is a sequence of iid random variables and Yi =
bXi, b ∈ R, i = 1, . . . , N . Let the estimator ÊEX

(w)

1,n(k) based on Xi and Yi be represented

as ÊEX
(w)X

1,n(k) and ÊEX
(w)Y

1,n(k), respectively. Then ÊEX
(w)Y

1,n(k) = ÊEX
(w)X

1,n(k).
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3 Power Comparison

A wide range of tests for assessing exponentiality has been developed in the literature.
Following Xiong et al. [12], we consider 58 competing tests for comparison with our pro-
posed tests, which are classified into twelve categories based on different characterizations
of the exponential distribution Torabi et al.[13].

We conduct a Monte Carlo simulation study to evaluate the performance of the pro-
posed test statistics ÊEX1,3(2) and ÊEX

(w)

1,3(2). The performance is assessed by comparison
with the alternative distributions introduced by Henze and Meintanis [14]. The shapes
of their hazard rate functions are illustrated in Figure 2 of Torabi et al. [13]. These
distributions exhibit increasing (IFR), decreasing (DFR), and unimodal (UFR) hazard
rate behaviours, namely the Gamma, Weibull, Uniform, Half-Normal, Chen, Modified
Extreme Value, Log-normal distributions, and Dhillon’s law.

For power comparison of the tests, we use the adjusted power proposed by Zhang and
Boos [15]. This measure provides a more reliable assessment when comparing different
tests or dealing with complex data structures. For a test statistic T with critical values
Cα/2 and C1−α/2 at nominal level α, the adjusted power is defined as follows:

p̂ =
1

B

B∑
i=1

I
(
T0i ≤ Cα/2 or T0i ≥ C1−α/2

)
,

where T01, T02, . . . , T0B  represent the test statistics for the B Monte Carlo samples under
the alternative hypothesis, and I(A) is the indicator function of a set A. Clearly, the
adjusted power at the null hypothesis is just α because of the way Cα is chosen. Now, we
estimate the adjusted power of ÊEX1,n(k) and ÊEX

(w)

1,n(k) for n = 3, k = 2 using 10,000
repetitions of samples with sizes N = 20, 50 at a 0.05 nominal level. The results are
presented in Tables 1-2.
In the simulation, for different sample sizes, we considered various values of m ranging
from 1 to b

√
Nc, and selected the value of m that yielded the highest average power.

In each column of the resulting tables, we have bolded the highest adjusted power values.
For the alternative U(0,1) distribution, for a sample size of N =20, the most powerful
test first is Ê2, second is our non-weighted test. For N =50, our two tests have the most
power as TC, TV1, EELR2, Ê2 and other tests that are bolded. For the alternative
CH(1.5) distribution, with a sample size of N = 20,50 the performances ÊEX1,n(k) test is
higher than the competitors. For the alternative MEV (0.5) distribution, the ÊEX1,n(k)

test demonstrated the best performance among all tests after the Ê2 test. Apart from
LN(0.8), our proposals are among the best working tests for all the UFR distributions
for all sample sizes. Although the proposed tests did not perform relatively well for
Γ(0.4), they are not the worst. In general, we see from Tables 1-2 that the performance
of tests depends on alternative distributions and no single test can beat the rest against
all alternatives.
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Table 1: Powers of ÊEX1,3(2), ÊEX
(w)

1,3(2) statistics and different other statistics under
alternative hypothesis at significance level α = 0.05 for N = 20, 50

IFR, N = 20
Γ(2) W (1.4) HN U(0, 1) CH(1.5) MEV (0.5)

ÊEX1,3(2) 0.25 0.15 0.21 1.00 0.99 0.48
ÊEX

(w)

1,3(2) 0.08 0.09 0.09 0.78 0.32 0.21
TV E 0.42 0.27 0.14 0.52 0.62 0.09
TC 0.50 0.37 0.24 0.88 0.83 0.18
TV1 0.51 0.37 0.23 0.87 0.82 0.18
TA1 0.63 0.47 0.30 0.80 0.87 0.20
CKLn 0.38 0.33 0.28 0.92 0.86 0.21
TV2 0.45 0.31 0.19 0.83 0.76 0.15
TE2 0.42 0.29 0.17 0.79 0.73 0.13
TA2 0.35 0.24 0.13 0.69 0.64 0.09
TZ 0.27 0.17 0.07 0.54 0.50 0.21
TKL 0.63 0.49 0.31 0.84 0.91 0.22
TH 0.01 0.01 0.02 0.15 0.50 0.01
TJ 0.01 0.01 0.02 0.15 0.05 0.01
TT 0.00 0.00 0.01 0.06 0.01 0.01
Tχ 0.01 0.01 0.01 0.22 0.09 0.01
T1 0.55 0.35 0.18 0.52 0.72 0.13
T2 0.55 0.36 0.18 0.55 0.74 0.14
T3 0.55 0.35 0.17 0.51 0.72 0.13
T4 0.62 0.46 0.28 0.69 0.83 0.19
I1 0.46 0.27 0.12 0.28 0.60 0.09
I2 0.47 0.29 0.14 0.39 0.67 0.11
Kn 0.53 0.44 0.33 0.88 0.91 0.25
EPSn 0.10 0.08 0.07 0.31 0.21 0.07
Qn(r) 0.25 0.22 0.18 0.62 0.65 0.13
Qn

∗(r) 0.09 0.06 0.05 0.08 0.11 0.06
Ln(p) 0.46 0.34 0.21 0.57 0.78 0.14
Gn 0.46 0.35 0.21 0.70 0.84 0.15
KSn 0.40 0.28 0.18 0.52 0.67 0.13
V 0.37 0.26 0.16 0.66 0.68 0.12
S∗ 0.49 0.35 0.22 0.70 0.82 0.15
Wn

2 0.47 0.34 0.21 0.66 0.79 0.14
A2 0.45 0.30 0.17 0.62 0.76 0.12
Hn

(1) 0.60 0.49 0.31 0.78 0.91 0.23
Hn

(2) 0.10 0.06 0.02 0.18 0.29 0.02
¯KSn 0.46 0.35 0.24 0.72 0.79 0.18
¯CMn 0.47 0.35 0.22 0.70 0.83 0.16

T1,n 0.36 0.27 0.18 0.63 0.70 0.13
T2,n 0.44 0.32 0.21 0.71 0.80 0.14
T1,n(γ) 0.36 0.28 0.21 0.74 0.70 0.15
T2,n(γ) 0.38 0.29 0.21 0.79 0.78 0.15
BHn 0.48 0.36 0.21 0.65 0.84 0.14
HEn 0.48 0.37 0.21 0.62 0.84 0.15
EPn 0.48 0.36 0.21 0.66 0.84 0.15
Tn,2.5

(1) 0.55 0.45 0.33 0.86 0.91 0.25
Tn,2.5

(2) 0.50 0.42 0.31 0.85 0.91 0.23
COn 0.54 0.37 0.19 0.50 0.81 0.13
Mn 0.46 0.29 0.13 0.37 0.70 0.09
Mn(0) 0.64 0.44 0.22 0.50 0.81 0.16
Mn(0.99) 0.47 0.34 0.19 0.63 0.83 0.13
J 0.62 0.47 0.29 0.78 0.89 0.22
J0.5 0.60 0.43 0.26 0.65 0.84 0.19
Dsp 0.51 0.33 0.17 0.51 0.66 0.13
Wn 0.20 0.21 0.19 0.72 0.63 0.13
Ws 0.40 0.32 0.22 0.75 0.84 0.14
Qn 0.38 0.32 0.23 0.86 0.85 0.17
COV 0.66 0.47 0.25 0.56 0.83 0.18
Pn 0.46 0.35 0.22 0.62 0.80 0.15
EELR1 0.63 0.47 0.27 0.67 0.82 0.19
EELR2 0.45 0.41 0.34 0.92 0.93 0.26
Ê2 0.02 0.29 0.37 1.00 0.99 0.83

IFR, N = 50
Γ(2) W (1.4) HN U(0, 1) CH(1.5) MEV (0.5)

ÊEX1,3(2) 0.53 0.44 0.61 1.00 1.00 0.98
ÊEX

(w)

1,3(2) 0.37 0.39 0.39 1.00 0.98 0.87
TV E 0.82 0.55 0.23 0.91 0.97 0.14
TC 0.81 0.64 0.42 1.00 1.00 0.33
TV1 0.84 0.65 0.43 1.00 1.00 0.33
TA1 0.95 0.80 0.48 0.99 1.00 0.33
CKLn 0.66 0.62 0.54 1.00 1.00 0.44
TV2 0.85 0.64 0.38 1.00 1.00 0.29
TE2 0.82 0.58 0.31 1.00 0.99 0.22
TA2 0.61 0.32 0.11 0.98 0.93 0.06
TZ 0.17 0.05 0.01 0.62 0.46 0.03
TKL 0.97 0.87 0.61 1.00 1.00 0.46
TH 0.01 0.02 0.04 0.58 0.22 0.03
TJ 0.01 0.02 0.04 0.58 0.22 0.03
TT 0.00 0.01 0.03 0.45 0.12 0.02
Tχ 0.00 0.00 0.00 0.53 0.16 0.00
T1 0.92 0.67 0.29 0.85 0.98 0.19
T2 0.92 0.69 0.31 0.88 0.98 0.21
T3 0.92 0.67 0.29 0.85 0.98 0.19
T4 0.95 0.81 0.52 0.95 1.00 0.35
I1 0.90 0.65 0.25 0.62 0.96 0.15
I2 0.91 0.67 0.28 0.72 0.98 0.17
Kn 0.90 0.85 0.71 1.00 1.00 0.57
EPSn 0.19 0.13 0.09 0.67 0.45 0.08
Qn(r) 0.65 0.56 0.43 0.96 0.98 0.30
Qn

∗(r) 0.24 0.11 0.05 0.09 0.25 0.06
Ln(p) 0.91 0.76 0.46 0.93 1.00 0.30
Gn 0.90 0.79 0.54 0.99 1.00 0.38
KSn 0.83 0.64 0.39 0.93 0.98 0.26
V 0.79 0.59 0.35 0.99 0.99 0.24
S∗ 0.90 0.76 0.49 0.99 1.00 0.34
Wn

2 0.90 0.75 0.48 0.98 1.00 0.32
A2 0.92 0.74 0.45 0.99 1.00 0.30
Hn

(1) 0.94 0.88 0.65 0.99 1.00 0.49
Hn

(2) 0.62 0.37 0.13 0.78 0.94 0.06
¯KSn 0.86 0.71 0.50 0.99 1.00 0.36
¯CMn 0.90 0.77 0.53 0.99 1.00 0.37

T1,n 0.81 0.65 0.43 0.99 0.99 0.30
T2,n 0.88 0.75 0.50 0.99 1.00 0.36
T1,n(γ) 0.74 0.60 0.43 1.00 0.99 0.31
T2,n(γ) 0.80 0.68 0.48 1.00 1.00 0.35
BHn 0.91 0.79 0.53 0.98 1.00 0.37
HEn 0.91 0.79 0.53 0.98 1.00 0.37
EPn 0.91 0.80 0.54 0.98 1.00 0.38
Tn,2.5

(1) 0.90 0.81 0.64 1.00 1.00 0.48
Tn,2.5

(2) 0.85 0.80 0.64 1.00 1.00 0.49
COn 0.96 0.82 0.45 0.91 1.00 0.30
Mn 0.95 0.75 0.32 0.77 0.99 0.21
Mn(0) 0.97 0.83 0.41 0.82 1.00 0.28
Mn(0.99) 0.90 0.79 0.52 0.98 1.00 0.36
J 0.96 0.86 0.57 0.99 1.00 0.41
J0.5 0.96 0.84 0.53 0.97 1.00 0.38
Dsp 0.91 0.69 0.35 1.00 0.99 0.24
Wn 0.57 0.61 0.55 1.00 1.00 0.42
Ws 0.80 0.74 0.57 1.00 1.00 0.43
Qn 0.79 0.73 0.59 1.00 1.00 0.47
COV 0.96 0.82 0.43 0.87 0.99 0.29
Pn 0.87 0.75 0.49 0.96 1.00 0.33
EELR1 0.94 0.85 0.57 0.98 1.00 0.41
EELR2 0.83 0.77 0.62 1.00 1.00 0.47
Ê2 0.03 0.56 0.73 1.00 1.00 0.98
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Table 2: Powers of ÊEX1,3(2), ÊEX
(w)

1,3(2) statistics and different other statistics under
alternative hypothesis at significance level α = 0.05 for N = 20, N = 50

UFR DFR
LN(0.8) LN(1.5) DL(1.5) W (0.8) Γ(0.4)

N = 20

ÊEX1,3(2) 0.13 0.89 0.94 0.22 0.49
ÊEX

(w)

1,3(2) 0.05 0.53 0.98 0.37 0.27
TV E 0.52 0.45 0.61 0.06 0.31
TC 0.40 0.19 0.65 0.02 0.24
TV1 0.43 0.26 0.67 0.03 0.32
TA1 0.49 0.00 0.81 0.01 0.00
CKLn 0.18 0.43 0.48 0.08 0.25
TV2 0.43 0.42 0.62 0.06 0.51
TE2 0.45 0.50 0.60 0.09 0.56
TA2 0.45 0.59 0.55 0.13 0.63
TZ 0.42 0.64 0.45 0.17 0.66
TKL 0.41 0.00 0.79 0.01 0.00
TH 0.01 0.70 0.01 0.34 0.89
TJ 0.01 0.70 0.01 0.33 0.89
TT 0.01 0.71 0.00 0.34 0.89
Tχ 0.04 0.70 0.02 0.28 0.77
T1 0.51 0.10 0.74 0.16 0.86
T2 0.50 0.07 0.75 0.13 0.82
T3 0.50 0.09 0.74 0.16 0.85
T4 0.53 0.00 0.80 0.01 0.00
I1 0.48 0.11 0.67 0.18 0.80
I2 0.45 0.16 0.68 0.20 0.82
Kn 0.25 0.00 0.66 0.01 0.00
EPSn 0.10 0.30 0.14 0.11 0.67
Qn(r) 0.09 0.59 0.33 0.20 0.68
Qn

∗(r) 0.17 0.30 0.16 0.07 0.13
Ln(p) 0.27 0.55 0.64 0.23 0.82
Gn 0.24 0.67 0.62 0.24 0.76
KSn 0.30 0.58 0.56 0.17 0.71
V 0.32 0.44 0.54 0.13 0.62
S∗ 0.33 0.61 0.66 0.20 0.75
Wn

2 0.33 0.62 0.65 0.20 0.76
A2 0.34 0.62 0.63 0.26 0.89
Hn

(1) 0.33 0.00 0.74 0.05 0.00
Hn

(2) 0.08 0.71 0.20 0.34 0.89
¯KSn 0.28 0.55 0.62 0.14 0.62
¯CMn 0.27 0.66 0.63 0.22 0.75

T1,n 0.23 0.63 0.52 0.21 0.73
T2,n 0.25 0.65 0.60 0.24 0.77
T1,n(γ) 0.22 0.47 0.50 0.15 0.61
T2,n(γ) 0.19 0.24 0.52 0.14 0.42
BHn 0.26 0.67 0.64 0.24 0.77
HEn 0.29 0.66 0.64 0.24 0.79
EPn 0.25 0.67 0.64 0.24 0.76
Tn,2.5

(1) 0.27 0.18 0.67 0.04 0.33
Tn,2.5

(2) 0.22 0.38 0.61 0.10 0.50
COn 0.33 0.60 0.72 0.28 0.91
Mn 0.31 0.52 0.67 0.31 0.94
Mn(0) 0.47 0.42 0.81 0.20 0.90
Mn(0.99) 0.26 0.67 0.63 0.25 0.77
J 0.46 0.00 0.79 0.01 0.00
J0.5 0.50 0.00 0.77 0.01 0.00
Dsp 0.56 0.46 0.71 0.14 0.79
Wn 0.12 0.60 0.23 0.15 0.45
Ws 0.20 0.61 0.53 0.18 0.53
Qn 0.18 0.61 0.50 0.19 0.56
COV 0.61 0.03 0.84 0.00 0.00
Pn 0.24 0.64 0.61 0.22 0.73
EELR1 0.40 0.56 0.78 0.15 0.59
EELR2 0.19 0.03 0.54 0.02 0.07
Ê2 0.04 0.00 0.06 0.01 0.95

N = 50

ÊEX1,3(2) 0.13 0.99 0.99 0.33 0.90
ÊEX

(w)

1,3(2) 0.06 0.91 1.00 0.32 0.81
TV E 0.93 0.85 0.96 0.11 0.78
TC 0.73 0.69 0.93 0.09 0.85
TV1 0.79 0.74 0.95 0.11 0.89
TA1 0.84 0.00 0.99 0.00 0.00
CKLn 0.24 0.85 0.76 0.19 0.68
TV2 0.91 0.89 0.96 0.20 0.95
TE2 0.92 0.92 0.95 0.27 0.96
TA2 0.85 0.94 0.86 0.34 0.97
TZ 0.55 0.93 0.42 0.33 0.95
TKL 0.76 0.00 1.00 0.00 0.00
TH 0.01 0.94 0.01 0.56 1.00
TJ 0.01 0.93 0.01 0.55 0.99
TT 0.01 0.94 0.00 0.57 1.00
Tχ 0.08 0.92 0.01 0.39 0.94
T1 0.94 0.27 0.99 0.34 1.00
T2 0.94 0.22 0.99 0.31 1.00
T3 0.94 0.27 0.99 0.34 1.00
T4 0.92 0.05 1.00 0.03 0.86
I1 0.93 0.25 0.98 0.37 0.99
I2 0.92 0.29 0.99 0.38 0.99
Kn 0.38 0.00 0.95 0.00 0.00
EPSn 0.19 0.54 0.29 0.13 0.90
Qn(r) 0.19 0.91 0.79 0.38 0.95
Qn

∗(r) 0.44 0.57 0.43 0.07 0.13
Ln(p) 0.60 0.90 0.98 0.48 0.99
Gn 0.47 0.95 0.97 0.48 0.98
KSn 0.71 0.91 0.95 0.38 0.98
V 0.75 0.84 0.94 0.28 0.96
S∗ 0.73 0.93 0.98 0.43 0.99
Wn

2 0.76 0.94 0.98 0.44 0.99
A2 0.86 0.93 0.99 0.52 1.00
Hn

(1) 0.51 0.00 0.98 0.00 0.00
Hn

(2) 0.47 0.95 0.87 0.59 1.00
¯KSn 0.62 0.92 0.96 0.35 0.97
¯CMn 0.60 0.95 0.97 0.46 0.99

T1,n 0.55 0.93 0.94 0.40 0.98
T2,n 0.56 0.95 0.97 0.46 0.99
T1,n(γ) 0.51 0.85 0.88 0.29 0.93
T2,n(γ) 0.39 0.58 0.91 0.32 0.86
BHn 0.47 0.95 0.97 0.48 0.99
HEn 0.46 0.95 0.97 0.48 0.99
EPn 0.45 0.95 0.97 0.48 0.99
Tn,2.5

(1) 0.49 0.74 0.96 0.25 0.92
Tn,2.5

(2) 0.32 0.83 0.93 0.31 0.93
COn 0.66 0.92 0.99 0.56 1.00
Mn 0.77 0.86 0.99 0.56 1.00
Mn(0) 0.84 0.82 1.00 0.48 1.00
Mn(0.99) 0.44 0.95 0.96 0.49 0.99
J 0.86 0.00 0.99 0.00 0.00
J0.5 0.91 0.00 0.99 0.00 0.00
Dsp 0.97 0.83 0.99 0.31 0.99
Wn 0.16 0.93 0.61 0.31 0.84
Ws 0.29 0.93 0.88 0.34 0.88
Qn 0.26 0.93 0.86 0.35 0.89
COV 0.96 0.05 1.00 0.00 0.00
Pn 0.43 0.94 0.96 0.46 0.98
EELR1 0.63 0.93 0.99 0.39 0.97
EELR2 0.39 0.30 0.92 0.14 0.55
Ê2 0.03 0.00 0.12 0.00 1.00
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4 Real Data
In this section, we demonstrate the applicability of the proposed test statistics by analyz-
ing a real dataset.

Dataset 1:
22.5, 37.5, 46.0, 48.5, 51.5, 53.0, 54.5, 57.5, 66.5, 68.0, 69.5, 76.5, 77.0, 78.5, 80.0, 81.5,
82.0, 83.0, 84.0, 91.5, 93.5, 102.5, 107.0, 108.5, 112.5, 113.5, 116.0, 117.0, 118.5, 119.0,
120.0, 122.5, 123.0, 127.5, 131.0, 132.5, 134.0.

Dataset 1, taken from Lawless [16], consists of failure times of 96 locomotive control
units from a life-test terminated after 135,000 miles with 37 failures. Previous studies by
Kandpal and Gupta [17] showed evidence against exponentiality and suggested a lognor-
mal fit. Our two proposed tests also reject exponentiality, as reported in Table 3.

Dataset 2:
1.80, 3.43, 3.98, 4.23, 4.65, 2.89, 3.48, 4.06, 4.34, 4.84, 2.93, 3.57, 4.11, 4.37, 4.91, 3.03,
3.85, 4.13, 4.53, 4.99, 3.15, 3.92, 4.16, 4.62, 5.17.

Dataset 2, taken from Wadsworth [18], consists of inter-arrival times of 25 customers
at a facility. Alizadeh Noughabi [19] reported evidence against exponentiality at the 5%
significance level. Our tests also reject the exponential assumption, as shown in Table 3.

Dataset 3:
10.49, 8.8, 12.42, 4.58, 6.85, 4.58, 5., 4.75, 4.75, 12.25, 9.5, 13.54, 10.42, 4.65, 9.88, 6.21,
8.6, 7.06, 7.96, 7.89, 9.7, 13.9, 12.65, 10., 12.65, 12.07, 9.8, 13.54, 9.82, 13.54, 12.42, 12.73,
12.22, 12.25, 12.32, 8.75, 12., 17.5, 11.88, 13.13, 13.56, 15.44, 13.22, 7.28, 11.7, 11.7, 11.6,
10.9, 11.84, 8., 10.2, 5.77, 13.9, 4.58, 12.07, 15.44, 10.2, 11., 8.5, 10.99, 10.39, 9.9, 13.94,
15.21, 13.56, 9., 20.47, 15.22, 11.5, 13.9, 13.22, 10.48, 15.48, 9.8, 12.21, 13.56, 7.04.

Dataset 3 consists of 77 geoelectrically derived observations representing aquifer thick-
ness, taken from Thomas and Jose [20]. Thomas and Jose [20] and Jose and Sathar [21]
support a two-parameter Weibull fit, while Chaudhary and Gupta [22] rejected exponen-
tiality. Our tests also reject exponentiality, as shown in Table 3.

Table 3: Description of models fitted for the three datasets
Dataset 1 (N = 37) Dataset 2 (N = 25) Dataset 3 (N = 77)

ÊEX1,n(k) ÊEX
(w)

1,n(k) ÊEX1,n(k) ÊEX
(w)

1,n(k) ÊEX1,n(k) ÊEX
(w)

1,n(k)

m = 6 m = 6 m = 5 m = 5 m = 8 m = 8

Statistic value -0.0120 -22.0506 -1.0870 -94.3389 -0.0992 -12.2260
Lower critical value -0.6398 -0.5017 -0.9192 -0.6643 -0.5005 -0.4315
Upper critical value -0.1756 -0.2149 -0.1689 -0.2141 -0.1980 -0.2281
Result Reject H0 Reject H0 Reject H0 Reject H0 Reject H0 Reject H0
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5 Conclusion
We defined the exponential extropy and weighted exponential extropy of nth upper k-
record value, which have derived by generating function for the generalized extropy of nth
upper k-record value and differentiating it with respect to α (see Askari et al. [23]). Two
new extropies and tests for exponentiality based on these extropies of k-record values have
been propsed in present study. Then, we compare their performances with 58 classical
and recent tests for exponentiality, through a wide set of alternative distributions with
different types of failure rate functions. A Monte Carlo simulation study was conducted
to obtain the estimators, critical values, and powers of the tests. To demonstrate the
practical applicability and reliability of the proposed tests, four real-life examples were
also provided.
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Abstract

This paper introduces a novel repair alert model designed for systems exhibiting
discrete lifetime patterns, a common feature in maintenance data such as opera-
tional cycles, weekly failure reports, or counts of units produced before failure. We
develop a robust framework under the assumption that system lifetimes follow a
discrete distribution from the powerful and versatile power series family. The study
tackles the critical challenge of parameter estimation for three prominent members
of this family. Subsequently, we employ the Akaike Information Criterion (AIC) to
identify the most suitable model and construct precise approximate confidence in-
tervals for its parameters. The practicality and effectiveness of the proposed model
are conclusively demonstrated through a comprehensive analysis of a real-world
dataset, showcasing its significant potential for optimizing maintenance strategies.
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1 Introduction
Consider a system that begins operating at time zero. It may either fail at a random time
X or be replaced by a new one at a random time Z, which may occur first. Typically,
it is assumed that X and Z are independent. This policy is referred to as random age
replacement maintenance; see, for example, [9, Chapter 2]. Thus, only the pair (Y, δ) is
observed, where Y = min(X,Z) and δ = I(Z < X). Here I(A) denotes the indicator
function for the event A, such that I(A) = 1 when A occurs and I(A) = 0 otherwise.
When Z and X are independent, the marginal distribution functions (DFs) of X and Z,
denoted by FX(x) and FZ(z), respectively, can be identifiable based on the joint DF (Y, δ);
For example, see [5, Theorem 1]. However, in practice, engineers often receive signals from
an operating device that prompt them to replace it with a new device to avert the costs
associated with random failure, suggesting that the independence assumption may not
hold. In competing risks theory, it is established that the marginal DFs are unidentifi-
able based solely on observations (Y, δ) without considering the independence assumption
between X and Z (see [10]). This unidentifiability issue becomes more complex when
the failure processes are dependent. To address the identifiability challenge mentioned
earlier, Cook [6] introduced the concept of random sign censoring (RSC), where X and
Z are dependent, yet the marginal DF of X remains identifiable.

Definition 1.1. [7, 5] Let (X,Z) be a pair of lifetimes. Then {(Y = min(X,Z), δ =
I(Z < X))} is called a random signs censoring of X by Z if the event {Z < X} is
(stochastically) independent of X.

Definition 1.2. The subdistribution functions (sub-DFs) of X and Z are defined by
F ∗
X(x) = P (X ≤ x,X < Z) and F ∗

Z(z) = P (Z ≤ z, Z < X), respectively. The conditional
DFs of X and Z are defined by F̃X(x) = P (X ≤ x|X < Z) and F̃Z(z) = P (Z ≤
z|Z < X), respectively. Similarly, the sub-probability mass functions (sub-PMFs) and
the conditional PMFs of X and Z are defined.

Lindqvist [7] proposed the Repair Alert Model (RAM) for analyzing the random sign
censoring data (RSCD). The formal definition of the RAM is provided.

Definition 1.3. [7] The pair (X,Z) satisfies the requirements of the RAM if

(i) Z is a random signs censoring of X; that is, the event {Z < X} is stochastically
independent of X;

(ii) there exists an increasing function G : [0,+∞) → [0,+∞) with G(0) = 0, such that
for all x ∈ (0,+∞),

P (Z ≤ z|Z < X,X = x) =
G(z)

G(x)
, 0 < z ≤ x. (1.1)

The function G is called the cumulative repair alert function(CRAF). Its derivative
g (which we shall assume exists) is called the repair alert function(RAF). Statistical
inferences based on RSCD have also been considered in the literature; for instance, see
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[7, 1, 2]. They assumed that the lifetimeX is continuous, but lifetimes can also be discrete.
Examples of discrete lifetimes include the functioning of equipment in cycles, weekly field
failure reports, and the number of pages printed by a device before failure. Recently,
Atlehkhani and Doostparast [3, 4] examined the RAM in situations where the discrete
lifetime distribution X belongs to a broad class known as the telescopic family and power
series family . They modified Definition 1.3 for discrete lifetimes. For the sake of brevity,
the supports of X and Z are assumed to be N := {0, 1, 2, . . .}, i. e. Sx = Sz = N.

Definition 1.4. [3] The pair (X,Z) is called the discrete repair alert model (DRAM) if

(i) the event {Z < X} is stochastically independent of X;

(ii) there exists an increasing function G : N → N with G(0) = 0, such that for all
x ∈ N

P (Z ≤ z|Z < X,X = x) =
G(z)

G(x)
, z = 0, 1, . . . , x. (1.2)

The next proposition provides the sub-DFs and conditional DFs under a DRAM. To do
this, let

q = P (Z < X). (1.3)

Proposition 1.5. [3] Let the random vector (X,Z) follow the DRAM. The sub-DFs and
the conditional DFs of X and Z are, respectively, given by

F̃X(x) = FX(x), F ∗
X(x) = (1− q)FX(x), (1.4)

F̃Z(z) = FX(z) +
∞∑

k=z+1

G(z)

G(k)
P (X = k), F ∗

Z(z) = qF̃Z(z), (1.5)

for all x ∈ N and z ∈ N.

In this study, we assume that an individual has independently implemented a random
age replacement policyN times. The available observations are denoted as (Y1, δ1); . . . ; (YN , δN),
representing the Random Sign Censoring Data (RSCD). Our focus will be on the RAM
when the lifetimes are represented as discrete random variables, with the distribution of
device lifetimes FX(t) belonging to a class known as the power series family; see Section
3.1. This family encompasses a diverse range of discrete lifetime distributions, including
logarithmic and negative binomial distributions, etc. Furthermore, we will explore the
issue of parameter estimation and illustrate our findings through an analysis of a real
dataset. Therefore, the remainder of this paper is organized as follows: In Section 3.1,
the power series family and two important subclasses, i.e., logarithmic and negative bino-
mial distributions, are studied in detail. In Section 3, the maximum likelihood estimates
(MLEs) of the parameters and approximate confidence intervals are also derived. In Sec-
tion 3.2, a real data set on ARC-1 VHF, reported by [8], is analyzed. Section 5 provides
conclusions.

37



2 DRAM in the power series family
In this section, we assume that the DF of lifetime X under the DRAM belongs to the
power series (PS) family. First, the formal definition of this family is given.
Definition 2.1. Suppose that the random variable X has the PMF as

f(x; θ) =
a(x)θx

c(θ)
, (2.1)

where x ∈ N, θ > 0, a(x) > 0, and c(θ) =
∑∞

x=0 a(x)θ
x. Then X has the power series

model and denoted by X ∼ PS(θ).
Proposition 2.2. Under the DRAM, assume that X ∼ PS(θ). Then, the sub-PMFs of
X and Z are, respectively, given by

f ∗
X(x; θ) = (1− q)

a(x)θx

c(θ)
, f ∗

Z(z; θ) = qg(z)
∞∑
k=z

a(k)θk

c(θ)G(k)
, ∀x ∈ N, z ∈ N. (2.2)

Remark 2.3. In Proposition 2.2, the conditional PMFs of X and Z are easily derived by
dividing the corresponding sub-PMFs by the quantity q in Equation (1.3).
Now, we simplified the DRAM for three important members of the PS family.

2.1 Logarithmic distribution
In the PS distribution (2.1) if θ = p, c(θ) = − ln(1−p), and a(x) = x−1 that is fX(x; p) =

−px

x ln(1−p)
then, the logarithmic distribution is obtained.

Under the DRAM, assume that G(t) = tp. Then g(t) = G(t)−G(t−1) = tp− (t−1)p.
So, Equation (2.2) yields

f ∗
X(x; p) = (1− q)

−px

x ln(1− p)
, ∀x ∈ N, (2.3)

Also,

f ∗
Z(z; p) = q

(
zp − (z − 1)p

) ∞∑
k=z

−pk

k ln(1− p)kp
, ∀z ∈ N. (2.4)

2.2 Negative binomial distribution
In the PS distribution (2.1) if θ = p, c(θ) = (1− p)−r and a(x) = Γ(x+ r)(x!Γ(r))−1 that
is fX(x; r, p) = Γ(x + r)(x!Γ(r))−1px(1 − p)r then the negative binomial distribution is
derived. In the DRAM, the sub-PMF of the lifetime X is

f ∗
X(x; p) = (1− q)

Γ(x+ r)

x!Γ(r)
px(1− p)r, ∀x ∈ N. (2.5)

If G(t) = tp, then g(t) = G(t) − G(t − 1) = tp − (t − 1)p and from Equation (2.2), we
obtain

f ∗
Z(z; p) = q

(
zp − (z − 1)p

) ∞∑
k=z

Γ(k + r)

k!Γ(r)kp
pk(1− p)r, ∀z ∈ N. (2.6)
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2.3 Poisson distribution
In the PS distribution (2.1) if θ = λ, c(θ) = expλ and a(x) = x!−1 that is fX(x;λ) =
λxe−λx!−1 then the Poisson distribution is derived. . In the DRAM, the sub-PMF of the
lifetime X is

f ∗
X(x;λ) = (1− q)

λxe−λ

x!
, ∀x ∈ N. (2.7)

If G(t) = tλ, then g(t) = G(t) − G(t − 1) = tλ − (t − 1)λ and from Equation (2.2), we
obtain

f ∗
Z(z;λ) = q

(
zλ − (z − 1)λ

) ∞∑
k=z

λke−λ

k!kλ
, ∀z ∈ N. (2.8)

3 Parameter estimation
In this section, the estimates of parameters in a given DRAM are derived. Various ap-
proaches may be used to do this. In this paper, the ML method is considered. To end
this, the likelihood function (LF) of the available RSCD (x, z) under the DRAM is

L(θ, q;x, z) =

( m∏
i=1

f ∗
X(xi; θ)

)( n∏
j=1

f ∗
Z(zj; θ)

)
. (3.1)

The ML estimate of the parameter vector (θ, q) is then L(θ̂, q̂) = argmaxθ,q L(θ, q;x, z).
For the PS family (2.1), the LF of the RSCD (x, z) is obtained by substituting (2.2) into
(3.1); that is,

L(θ, q;x, z) = (1− q)mqn
θ
∑m

i=1 xi

(c(θ))m

( m∏
i=1

a(xi)

)( n∏
j=1

g(zj)
∞∑

k=zj

a(k)θk

c(θ)G(k)

)
. (3.2)

The ML estimate for q is readily derived from Equation (3.2) as

q̂ =
n

m+ n
. (3.3)

So, the profile LF of the RSCD (x, z), denoted by LP , is then obtained by substituting q̂
in Equation (3.3) into Equation (3.2); that is,

LP (θ;x, z) =
(

m

m+ n

)m(
n

m+ n

)n
θ
∑m

i=1 xi

(c(θ))m

( m∏
i=1

a(xi)

)( n∏
j=1

g(zj)
∞∑

k=zj

a(k)θk

c(θ)G(k)

)
.

(3.4)
The profile ML estimate of θ is then derived by maximizing (3.4); that is,

θ̂ = argmax
θ

θ∑m
i=1 xi

(c(θ))m

m∏
i=1

a(xi)
n∏

j=1

g(zj)
∞∑

k=zj

a(k)θk

c(θ)G(k)

 . (3.5)

Notice that the ML estimate q̂ in Equation (3.3) does not depend on the ML estimate θ̂
in Equation (3.5). The ML estimate of the parameters vector θ in the DRAM for special
cases, mentioned in Section 3.1, are obtained in sequel.
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3.1 The logarithmic distribution
For the logarithmic distribution, from Equations (2.3), (2.4) and (3.1), the logarithm of
the likelihood function (LLF) is then

l(p, q;x, z) = n ln (q) +m ln (1q) +
( m∑

i=1

xi
)
ln p− (m+ n) ln(− ln(1− p))

−
m∑
i=1

ln xi +
n∑

j=1

ln((zpj − (zj − 1)p) +
n∑

j=1

ln

 ∞∑
k=zj

pk

kp+1

 (3.6)

The logarithm of the profile LF, denoted by lP , is obtained from Equations (3.3) and (3.6)
as follows:

lP (p, r;x, z) = n ln

(
n

m+ n

)
+m ln

(
m

m+ n

)
+
( m∑

i=1

xi
)
ln p− (m+ n) ln(− ln(1− p))

−
m∑
i=1

ln xi +
n∑

j=1

ln((zpj − (zj − 1)p) +
n∑

j=1

ln

( ∞∑
k=zj

pk

kp+1

)
(3.7)

The ML estimate of p is obtained by maximizing (3.6). For this purpose, one may use
numerical methods; see Section 3.2.

3.2 The negative binomial distribution
For the negative binomial distribution, from Equations (2.5), (2.6) and (3.1), the LLF is
then

l(p, r, q;x, z) = n ln q +m ln(1− q) +

( m∑
i=1

xi

)
ln p+ r(m+ n) ln(1− p)

− (m+ n) ln Γ(r) +
m∑
i=1

(
ln Γ(xi + r)− ln xi!

)
+

n∑
j=1

ln
(
zpj − (zj − 1)p

)
+

n∑
j=1

ln

( ∞∑
k=zj

Γ(k + r)

k!kp
pk
)
. (3.8)

The logarithm of the profile LF, denoted by lP , is obtained from Equations (3.3) and (3.8)
as follows:

lP (p, r;x, z) = n ln

(
n

m+ n

)
+m ln

(
m

m+ n

)
+

( m∑
i=1

xi

)
ln p

+r(m+ n) ln(1− p)− (m+ n) ln Γ(r) +
m∑
i=1

(
ln Γ(xi + r)− ln xi!

)
+

n∑
j=1

ln
(
zpj − (zj − 1)p

)
+

n∑
j=1

ln

( ∞∑
k=zj

Γ(k + r)

k!kp
pk
)
. (3.9)

The ML estimate of p is obtained by maximizing (3.9). To do this, one may use numerical
methods; see Section 3.2.
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3.3 The Poisson distribution
For the Poisson distribution, from Equations (2.7) - (3.1) the LLF is then

l(λ, q;x, z) = n ln q +m ln(1− q) + (m+ n)λ+

( m∑
i=1

xi

)
lnλ−

m∑
i=1

ln xi!

+
n∑

j=1

ln
(
zλj − (zj − 1)λ

)
+

n∑
j=1

ln

( ∞∑
k=zj

λk

k!kλ

)
. (3.10)

The ML estimate for q is given by Equation (3.3). So, the logarithm of the profile LF
reads

l(λ, q̂;x, z) = n ln

(
n

m+ n

)
+m ln

(
m

m+ n

)
+ (m+ n)λ+

( m∑
i=1

xi

)
lnλ−

m∑
i=1

ln(xi!)

+
n∑

j=1

ln
(
zλj − (zj − 1)λ

)
+

n∑
j=1

ln

( ∞∑
k=zj

λk

k!kλ

)
. (3.11)

The profile ML estimate of the parameter λ is derived numerically by maximizing Equation
(3.11).

4 Case study
In this section a real data set is analysed to demonstrate applications of the findings of
this paper.

4.1 The dataset
A real-world dataset pertaining to ARC-1 VHF communication transmitter-receivers used
by a commercial airline. The dataset captures the number of operational hours until failure
(see [8]). When failures occurred, the affected units were removed from the aircraft for
maintenance. However, in some instances, the reported failures were unconfirmed, as the
units demonstrated satisfactory functionality upon inspection at the maintenance center.
Consequently, the failure times can be categorized into two distinct groups: confirmed
failures (x) and unconfirmed failures (z). The dataset comprisesm = 218 observations
for confirmed failures (X) and n = 107 observations for unconfirmed failures (Z).

4.2 The repair alert model selection
For the analysis of this dataset the logarithmic, negative binomial, and Poisson dis-
tributions were considered for modeling the lifetime X. Numerical computations were
performed using R (version 4.4.0) and Mathematica (version 9) software programs .The
source code is publicly available at: https://fumdrive.um.ac.ir/index.php/s/S8pBKfQFWYJKrmJ.
The empirical cumulative distribution function (ECDF) and the fitted parametric distri-
bution functions as well the histogram of the data set and the corresponding fitted para-
metric PMFs are shown in Figures 2 and 1, respectively. These figures motivates that
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Table 1: ML estimates of parameters based on ARC-1 VHF data set
Distribution G(t) MLestimate L̂LF AIC
logarithmic tp p̂ = 0.9996 -2558.88 5119.76
Poisson tλ λ̂ = 3.535867 -29783.56 59565.12
negative binomial tp r = 1 , p̂ = 0.9963 -2300.538 4603.076

r = 2 , p̂ = 0.9923 -2276.055 4554.11
r = 3 , p̂ = 0.9884 -2297.733 4597.466
r = 4 , p̂ = 0.9845 -2335.408 4672.816
r = 5 , p̂ = 0.9806 -2380.789 4763.578
r = 6 , p̂ = 0.9767 -2430.464 4862.928
r = 10 , p̂ = 0.9616 -2646.737 5295.474
r = 20 , p̂ = 0.9257 -3197.791 6397.582

the negative binomial distribution with parameters r = 2 and p̂ = 0.9923 is superior to
the logarithmic and Poisson distributions for this data set; For more information about
ECDF based on RSCD, see [7]. The Akaike Information Criterion (AIC) was employed
to compare the fitted models. The AIC is defined as: AIC = −2L̂LF + 2M, where L̂LF
represents the maximized log-likelihood function (LLF) evaluated at the maximum like-
lihood (ML) estimates, and M denotes the number of estimated parameters. The results
are summarized in Table 1. As illustrated in Table 1, the negative binomial distribution
with parameters r = 2 and p̂ = 0.9923 exhibits a lower Akaike Information Criterion
(AIC) value, indicating its superiority as the better-fitting model. An approximate 95 %
confidence interval for p is p ∈ (0.9917, 0.9929).

Figure 1

5 Conclusion
In this paper, we examined repair alert models for analyzing discrete lifetimes derived from
maintenance programs. We focused on developing these models under the assumption
that the lifetimes of the devices are discrete. We considered a broad class of discrete
lifetime distributions known as the power series family. Furthermore, we addressed the
challenges associated with parameter estimation for the logarithmic, poisson and negative
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Figure 2

binomial distributions within this family. In analyzing a real dataset, RAM selection and
its application in system availability evaluation were demonstrated. This paper may be
extended in various directions. For example, RSCD may be analyzed by the Bayesian
approach under symmetric and asymmetric loss functions such as square error and linear-
exponential ones. Prediction of the component lifetime X based on the observed RSCD
is also worth consideration.
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Abstract

The hazard and reversed hazard rates are two important measures to study
the lifetime random variables in reliability theory, survival analysis and stochas-
tic modeling. In this article, we study the stochastic comparisons of sequential
(n − r + 1)-out-of-n systems based on these measures via relative ageing which is
rather younger than classic ageing in one sample, as well as two samples cases.

Keywords: Hazard rate function, Reversed hazard rate function, Order statistics,
Record values.

1 Introduction
A system with n independent components which functions if and only if at least n− r+1
of the components are working is called a (n − r + 1)-out-of-n system. Parallel and
series systems are particular cases of such systems corresponding to r = n and r = 1,
respectively. These systems play an important role in reliability theory and life testing
and in the real world. The lifetime of such a system is described by the r-th order
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statistic (OS) in a sample of size n when assuming that the remaining components are
not affected by failures (cf. [7]). More generally, the failure of one component may
influence the remaining components. Thus, a more flexible model for a (n − r + 1)-out-
of-n system should take the dependence structure into consideration. The failure of some
component of the system can more or less strongly influence the life-length distributions
of the remaining components. This can be thought of as damage caused by the i-th
failure in the system. For example, the breakdown of an aircraft’s engine will increase
the load put on the remaining engines, such that their lifetime should tend to be shorter.
For dealing with this type of problem, sequential order statistics (SOS) are proposed in
[12, 3]. It is worth mentioning that one of the most important and applicable case is SOS
under proportional hazard rate assumption which have a one to one correspondence to
the generalized order statistics (GOS) model introduced by [12]. These models are closely
connected to several other models of ordered random variables and, in particular they
unify OS, progressively Type-II censored order statistics, record values, Pfeifer’s record
values, etc.

In the last three decades, a wide interest has been shown in investigating several
stochastic orderings of OS and other ordered random variables. See e.g., recent articles
[2, 8, 9] and references therein. In another direction, there is a few articles in the scene
of relative aging such as [15] and [14] in which they argued just OS and record values. In
this article, we provide some further results in this regard for flexible model of SOS.

The article is organized as follows. In Section 2, we recall some definitions and results
which is used in the paper including the concept of SOS and aging notions. In Section 3,
we study the relative ageing orderings among SOS in one sample, as well as two samples
cases.

2 Preliminaries
We recall some definitions and well known notions and results which will be used in the
sequel. The word increasing (decreasing) is used for non-decreasing (non-increasing) and
all expectations are implicitly assumed to exist whenever they are written.

Let X and Y be two absolutely continuous nonnegative random variables. We de-
note, respectively, the cumulative distribution functions (cdf) by F and G, with survival
functions (sf) F̄ = 1 − F and Ḡ = 1 − G, and probability density functions (pdf) f and
g. We assume that F−1(0) = G−1(0) (where F−1, as customary, is the right-continuous
inverse of F ). Moreover, we denote the hazard rate (reversed hazard rate) functions of
X and Y as hX = f/F̄ (κX = f/F ) and hY = g/Ḡ (κY = g/G), respectively. Also, let
MX(t) = E[X − t|X > t] and MY (t) = E[Y − t|Y > t] denote, respectively, the mean
residual life functions of X and Y .

As a generalization of OS and record values, SOS and GOS were introduced by [12]
as a unified approach to a variety of models of ordered random variables with different
interpretations and statistical applications. SOS are defined by means of a triangular
scheme of random variables where the r-th line contains n− r+ 1 random variables with
distribution function Fi, i = 1, ..., n.

Definition 2.1. Let F1, ..., .Fn be continuous distribution functions with F−1
1 (1) ≤ ... ≤
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F−1
n (1) and let {Y (j)

r,n , 1 ≤ j ≤ n − r + 1} be a sequence of independent and identi-
cally distributed random variables each distributed according to Fr, where r = 1, ...n.
Let X(j)

1,n = Y
(j)
1,n , 1 ≤ j ≤ n, and denote X∗

1,n = minn
j=1X

(j)
1,n. For r = 2, ..., n, define

X
(j)
r,n = F−1

r {Fr(Y
(j)
r,n )[1 − Fr(X

∗
r−1,n)] + Fr(X

∗
r−1,n)} and denote X∗

r,n = minn−r+1
j=1 X

(j)
r,n.

Then, X∗
1,n, ..., X

∗
n,n are called SOS based on {F1, ..., Fn}

From now on we cosider a particular choice of the distribution functions F1, ..., Fn,
namely

Fr(t) = 1− (1− F (t))αr , r = 1, ..., n ,

with some distribution function F and positive real numbers α1, ..., αn. This is usually
referred as the proportional hazard rate assumption. For example, if αi = 1, ∀i, or
αi =

1
n−i+1

, ∀i, then the SOS would convert to the OS and record values, respectively (see
Table 1 of [12]). In a sequential system, if the different lifetime distribution functions are
denoted by F1, F2, . . . , then this leads to the interpretation that, after the i-th failure, the
failure rate of remaining components will change from hi to hi+1, where hi = fi/(1− Fi).
In the literature on SOS, it is usually assumed that there exists some common baseline
hazard rate h with hi = αi · h, i = 1, 2, . . . , for positive constants α1, α2, . . . . Without
changing the joint distribution in the above manner, the hazard rate remains α1 · h for
any component working on its own. Thus, the introduction of unequal parameters αi is
to accommodate load sharing (cf. [3, 4]).

In this case, there exist several representations for the marginal pdf of SOS. Suppose
that n ∈ N, mi = (n− i+1)αi− (n− i)αi+1−1 ∈ R, i = 1, ..., n−1, m̃n = (m1, ...,mn−1),
if n ≥ 2 (m̃n ∈ R is arbitrary, if n = 1) such that γ(i,n,m̃n) = αn+n− i+

∑n−1
j=i mj > 0 for

all i ∈ {1, . . . , n − 1}, and γ(n,n,m̃n) = αn. In this case, we denote r-th SOS by X(r,n,m̃n).
Let Y(r,n,m̃n), r = 1, . . . , n, be SOS based on G.

[19] obtained the expression

fX(r,n,m̃n)
(x) = cr−1[F̄ (x)]

γ(r,n,m̃n)−1ξr(F (x))f(x), x ∈ R, (2.1)

where cr−1 =
∏r

i=1 γ(i,n,m̃n), r = 1, . . . , n, and ξr is a particular Meijer’s G-function (cf.
[5]).

According to Lemmas 2.1 of [1], we have the following recursive formula:

ξ1(t) = 1, ξr(t) =

∫ t

0

ξr−1(u)[1− u]mr−1du, 0 ≤ t ≤ 1, r = 2, . . . , n. (2.2)

Let us first recall some useful notions of stochastic orders (cf. [10]).

Definition 2.2. The random variable X is said to be smaller than Y in the

• likelihood ratio order (denoted by X ≤lr Y ) if g(x)/f(x) is increasing in x;

• hazard rate order (denoted by X ≤hr Y ) if Ḡ(x)/F̄ (x) is increasing in x or, equiv-
alently, hY (x) ≤ hX(x) ∀x;

• reversed hazard rate order (denoted by X ≤rh Y ) if G(x)/F (x) is increasing in x
or, equivalently, κX(x) ≤ κY (x) ∀x;
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• mean residual life order (denoted byX ≤mrl Y ) if Ḡ(t)
∫∞
t
F̄ (x) dx ≤ F̄ (t)

∫∞
t
Ḡ(x) dx

∀t or, equivalently, MX(x) ≤ MY (x) ∀x;

• usual stochastic order (denoted by X ≤st Y ) if F̄ (x) ≤ Ḡ(x) ∀x.

We recall the following implications (cf. [10]):

X ≤lr Y ⇒ X ≤hr Y ⇒ X ≤mrl Y
⇓ ⇓ ⇓

X ≤rh Y ⇒ X ≤st Y ⇒ E[X] ≤ E[Y ]

The definitions of the ageing faster orders utilized in our paper are provided below (cf.
[11, 17, 10]).

Definition 2.3. The random variable X is said to be ageing faster than Y in the

• hazard rate (denoted by X ≤c Y ) if hX(x)/hY (x) is increasing in x;

• reversed hazard rate (denoted by X ≤b Y ) if κY (x)/κX(x) is increasing in x;

• mean residual life (denoted by X ≤a Y ) if MX(x)/MY (x) is increasing in x.

Now, we recall the following definition about the very useful concept of total positivity
(cf. [13]).

Definition 2.4. Let X and Y be subsets of the real line R. A function λ : X × Y → R
is said to be totally positive of order 2 (TP2) (reverse regular of order 2 (RR2)) if

λ(x1, y1)λ(x2, y2)− λ(x1, y2)λ(x2, y1) ≥ (≤)0,

for all x1 ≤ x2 in X and all y1 ≤ y2 in Y .

Note that the TP2 (RR2) property is equivalent to λ(x2, y)/λ(x1, y) is increasing (de-
creasing) in y when x1 ≤ x2, whenever this ratio exists. Also note that the product of
two TP2 (RR2) functions is TP2 (RR2). Moreover, if λ(x, y) is TP2 (RR2) in (x, y), then
λ1(x)λ(x, y)λ2(y) is TP2 (RR2) in (x, y) when λ1 and λ2 are two nonnegative functions
(cf. [13]).

The following useful theorem was established by [13].

Theorem 2.5 (Basic composition theorem). Let λ1 : X × Z → R, λ2 : Z × Y → R and
λ : X × Y → R be Borel-measurable functions of two variables satisfying

λ(x, y) =

∫
Z
λ1(x, z)λ2(z, y)dσ(z),

where σ denotes a sigma-finite measure defined on Z. If one of the functions λ1 or λ2 is
RR2 and the other TP2, then λ is RR2 and, otherwise, if both of the them are RR2 or
TP2, then λ is TP2.

We also recall the following theorem from [13].
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Theorem 2.6 (Variation diminishing property). Let λ : X × Y → R be a TP2 Borel-
measurable function, dσ(y) be a sigma-finite measure defined on Y, and λ1 : Y → R be a
bounded measurable function such that the integral

λ2(x) =

∫
Y
λ(x, y)λ1(y)dσ(y)

converges absolutely. If λ1 changes sign at most j ≤ 1 times on Y, then λ2 changes sign
at most j times on X . Moreover, if λ2 changes sign j times, then it must have the same
arrangement of signs as does λ1.

The lemma below, due to [16], is often used in establishing the monotonicity of a
fraction in which the numerator and denominator are integrals or summations.

Lemma 2.7. Assume that Θ is a subset of the real line R, and let U be a nonnegative
random variable having a cdf belonging to the family P = {Ξ(·|θ), θ ∈ Θ} which satisfies
that, for θ1, θ2 ∈ Θ,

Ξ(·|θ1) ≤st (≥st)Ξ(·|θ2), whenever θ1 ≤ θ2.

Let ϕ(u, θ) be a real valued function defined on R×Θ, which is measurable in u for each
θ such that E[ϕ(U, θ)] exists. Then, E[ϕ(U, θ)] is

(i) increasing in θ, if ϕ(u, θ) is increasing in θ and increasing (decreasing) in u;

(ii) decreasing in θ, if ϕ(u, θ) is decreasing in θ and decreasing (increasing) in u.

3 Main results
Now, we are ready to obtain our main results. At first, we argue the ageing faster orders
in one-sample case.

Theorem 3.1. Let X(r,n,m̃n) be the SOS based on an absolutely continuous cdf F . If mi

is decreasing in i and mi ≥ −1 ∀i, then

(i) X(r,n−1,m̃n−1) ≤c X(r,n,m̃n);

(ii) X(r+1,n+1,m̃n+1) ≤c X(r,n,m̃n);

(iii) X(r+1,n,m̃n) ≤c X(r,n,m̃n).

Proof. (i) Using integration by parts and equations (2.1) and (2.2), we have

F̄X(r,n,m̃n)
(x) =

r∑
j=1

cr−1∏r
i=j γ(i,n,m̃n)

[F̄ (x)]γ(j,n,m̃n)ξj(F (x))

and so

hX(r,n,m̃n)
(x) = hX(x)

[
r∑

j=1

1∏r
i=j γ(i,n,m̃n)

[F̄ (x)]γ(j,n,m̃n)−γ(r,n,m̃n)
ξj(F (x))

ξr(F (x))

]−1

. (3.1)
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From (3.1), we have

hX(r,n−1,m̃n−1)
(x)

hX(r,n,m̃n)
(x)

= E [ϕ1(J1, x)] ,

where

ϕ1(j, x) =

∏r
i=j γ(i,n−1,m̃n−1)∏r

i=j γ(i,n,m̃n)

[F̄ (x)](γ(j,n,m̃n)−γ(r,n,m̃n))−(γ(j,n−1,m̃n−1)
−γ(r,n−1,m̃n−1)

)

=

∏r
i=j γ(i,n−1,m̃n−1)∏r

i=j γ(i,n,m̃n)

and J1 is a nonnegative random variable having a cdf belonging to the family P1 =
{J1(·|x), x ∈ R+} with the probability mass function (pmf)

l1(j|x) = c1(x)I{1≤j≤r}
1∏r

i=j γ(i,n−1,m̃n−1)

[F̄ (x)]γ(j,n−1,m̃n−1)
−γ(r,n−1,m̃n−1)

ξj(F (x))

ξr(F (x))
,

where

c1(x) =

[
r∑

j=1

1∏r
i=j γ(i,n−1,m̃n−1)

[F̄ (x)]γ(j,n−1,m̃n−1)
−γ(r,n−1,m̃n−1)

ξj(F (x))

ξr(F (x))

]−1

is the normalizing constant. Since mi ≥ −1, ϕ1(j, x) is increasing in j. Also, it is constant
with respect to x. We now show that J1(·|x1) ≤lr J1(·|x2) for x1 ≤ x2. We have

l1(j|x2)
l1(j|x1)

∝
[
F̄ (x2)

F̄ (x1)

]∑r−1
i=j (mi+1)

ξj(F (x2))

ξj(F (x1))
.

So, it is sufficient to show that ξj(x) is TP2 in (x, j) by induction. From (2.2), we have

ξj(x) =

∫
R
λ1(x, z)λ2(j, z)dz,

where

λ1(x, z) = I{0≤z≤x}, λ2(j, z) = ξj−1(z)(1− z)mj−1 .

The function λ1(x, z) is TP2 in (x, z). Note that ξj(z) = 1 is TP2 in (j, z) for j = 1. Since
mi is decreasing in i, [1−z]mj−1 is TP2 in (j, z). According to inductive assumption, λ2(j, z)
is TP2 in (j, z) and so, by Theorem 3.13, ξj(x) is TP2 in (x, j). Therefore, E [ϕ1(J1, x)] is
increasing in x according to part (i) of Lemma 3.11.
(ii) From (3.1), we have

hX(r+1,n+1,m̃n)
(x)

hX(r,n,m̃n)
(x)

= E [ϕ2(J2, x)] ,
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where

ϕ2(j, x) =

∏r+1
i=j γ(i,n+1,m̃n+1)∏r

i=j γ(i,n,m̃n)

[F̄ (x)]−(mr+1) ξr+1(F (x))

ξr(F (x))

and J2 is a nonnegative random variable having a cdf belonging to the family P2 =
{J2(·|x), x ∈ R+} with the pmf

l2(j|x) = c2(x)
I{1≤j≤r+1}∏r+1

i=j γ(i,n+1,m̃n+1)

[F̄ (x)]γ(j,n+1,m̃n+1)
−γ(r+1,n+1,m̃n+1)

ξj(F (x))

ξr+1(F (x))
,

where c2(x) is the normalizing constant. Since mi ≥ −1 and mi is decreasing in i, ϕ2(j, x)
is increasing in x. Also, since mi ≥ −1, ϕ2(j, x) is increasing in j. It is not difficult to see
that J2(·|x1) ≤lr J2(·|x2) for x1 ≤ x2. Therefore, E [ϕ2(J2, x)] is increasing in x according
to part (i) of Lemma 3.11.
(iii) From part (ii) of theorem we have X(r+1,n,m̃n) ≤c X(r,n−1,m̃n−1). So, the required result
now follows from part (i).

The proof gets thus completed.

Theorem 3.2. Let X(r,n,m̃n) be the SOS based on an absolutely continuous cdf F . If mi

is decreasing in i, γ(i,n,m̃n) ≥ 1 and mi ≥ 0 ∀i, then

(i) X(r,n,m̃n) ≤b X(r,n−1,m̃n−1);

(ii) X(r,n,m̃n) ≤b X(r+1,n+1,m̃n+1);

(iii) X(r,n,m̃n) ≤b X(r+1,n,m̃n).

Proof. From (2.1), we have

FX(r,n,m̃n)
(x) = cr−1F (x)

∫ 1

0

(1− tF (x))γ(r,n,m̃n)−1ξr(tF (x))dt,

and so

κX(r,n,m̃n)
(x) = κX(x)

[∫ 1

0

[(1− tF (x))

F̄ (x)

]γ(r,n,m̃n)−1 ξr(tF (x))

ξr(F (x))
dt

]−1

. (3.2)

Then, the rest of the proof follows along the lines of Theorem 3.1, and we omit it for the
sake of brevity.

The following corollary is an immediate consequence of Theorems 3.1 and 3.2.

Corollary 3.3. Let X(r,n,m̃n) and X(r′,n′,m̃n′ ) be the SOSs based on an absolutely continuous
cdf F . If mi is decreasing in i and mi ≥ −1 ∀i (γ(i,n,m̃n) ≥ 1 and mi ≥ 0 ∀i), then

X(r,n,m̃n) ≥c (≤b)X(r′,n′,m̃n′ ),

provided r ≤ r′ and n′ − r′ ≤ n− r.
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Remark 3.4. [15] obtained Theorems 3.1 and 3.2 for special case of OS, i.e., for the case
γ(n,n,m̃n) = 1 and mi = 0 ∀i (or, equivalently, αi = 1 ∀i).

We now shift our focus to the preservation of the ageing faster orderings among SOS
from two distributions F and G.

Theorem 3.5. Let X(r,n,m̃n) and Y(r,n,m̃n) be the SOSs based on absolutely continuous cdfs
F and G, respectively, and X ≥hr Y . If mi is increasing in i and mi ≤ −1 ∀i, then,
X ≤c Y implies

X(r,n,m̃n) ≤c Y(r,n,m̃n).

Proof. From (3.1), we have

hX(r,n,m̃n)
(x)

hY(r,n,m̃n)
(x)

=
hX(x)

hY (x)
E [ϕ3(J3, x)] ,

where

ϕ3(j, x) =
[Ḡ(x)
F̄ (x)

]γ(j,n,m̃n)−γ(r,n,m̃n) ξj(G(x))/ξr(G(x))

ξj(F (x))/ξr(F (x))

=
[Ḡ(x)
F̄ (x)

]∑r−1
i=j (mi+1) ξj(G(x))/ξj(F (x))

ξr(G(x))/ξr(F (x))

and J3 is a nonnegative random variable having a cdf belonging to the family P3 =
{J3(·|x), x ∈ R+} with the pmf

l3(j|x) = c3(x)I{1,...,r}(j)
1∏r

i=j γ(i,n,m̃n)

[F̄ (x)]γ(j,n,m̃n)−γ(r,n−1,m̃n−1)
ξj(F (x))

ξr(F (x))
,

where

c3(x) =

[
r∑

j=1

1∏r
i=j γ(i,n−1,m̃n−1)

[F̄ (x)]γ(j,n−1,m̃n−1)
−γ(r,n−1,m̃n−1)

ξj(F (x))

ξr(F (x))

]−1

is the normalizing constant.
Since mi ≤ −1 and X ≥st Y , the term

[
Ḡ(x)/F̄ (x)

]∑r−1
i=j (mi+1) is decreasing in j. Also,

since mi ≤ −1 and X ≥hr Y , it is increasing in x. As seen in the proof of Theorem 3.1,
if mi is increasing in i, then ξj(x) is RR2 in (x, j) and so ξj(G(x))/ξj(F (x)) is decreasing
in j because F (x) ≤ G(x). We now show that the ratio

ηj(x) = (ξj(G(x))/ξj(F (x)))/(ξr(G(x))/ξr(F (x)))

is increasing in x by an inverse induction j ∈ {1, . . . , r} starting from j = r. For j = r,
the ratio is constant, i.e., ηr(x) ≡ 1, and, thus, the assertion is true. Consider now
j ∈ {1, . . . , r} and suppose that ηj(x) is increasing in x. Then, from (2.2), we have

ξj(G(x))/ξj(F (x))

ξr(G(x))/ξr(F (x))
=
E[ψ1(Z2, x)]

E[ψ2(Z1, x)]
,
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where

ψ1(z, x) =
ξj−1(G(z))

ξj−1(F (z))

[Ḡ(z)
F̄ (z)

]mj−1 g(z)

f(z)
,

ψ2(z, x) =
ξr−1(G(z))

ξr−1(F (z))

[Ḡ(z)
F̄ (z)

]mr−1 g(z)

f(z)
,

Z1 and Z2 are two nonnegative random variables with the pdfs

l1(z|x, u) = c1(x, u)I{0,...,x}(z)ξr−1(F (z))[F̄ (z)]
mr−1f(z),

l2(z|x, u) = c2(x, u)I{0,...,x}(z)ξj−1(F (z))[F̄ (z)]
mj−1f(z),

in which c1(x, u) and c2(x, u) are the normalizing constants. It is shown below that the
functions ψ1 and ψ2 satisfy the condition (iii) of Lemma 3.12. For each fixed x, we have

ψ1(z, x)

ψ2(z, x)
=
ξj−1(G(z))/ξj−1(F (z))

ξr−1(G(z))/ξr−1(F (z))

[Ḡ(z)
F̄ (z)

]mj−1−mr−1

is increasing in z according to the inductive assumption and mj−1 ≤ mr−1. As seen in
the proof of Theorem 3.1, if mi is increasing in i, then ξj(x) is RR2 in (x, j). So, it is
evident that Z1 ≤lr Z2 since mj−1 ≤ mr−1. Thus, ϕ3(j, x) is increasing in x. Finally, we
show that J3(·|x1) ≥lr J3(·|x2) for x1 ≤ x2. We have

l3(j|x2)
l3(j|x1)

∝
[
F̄ (x2)

F̄ (x1)

]∑r−1
i=j (mi+1)

ξj(F (x2))

ξj(F (x1))
.

Since mi ≤ −1,
[
F̄ (x2)/F̄ (x1)

]∑r−1
i=j (mi+1) is decreasing in j. Therefore, E [ϕ3(J3, x)] is

increasing in x according to part (i) of Lemma 3.11.

Theorem 3.6. Let X(r,n,m̃n) and Y(r,n,m̃n) be the SOSs based on absolutely continuous cdfs
F and G, respectively, and X ≤hr Y . If mi is decreasing in i, γ(i,n,m̃n) ≥ 1 and mi ≥ 0
∀i, then, X ≤b Y implies

X(r,n,m̃n) ≤b Y(r,n,m̃n).

Proof. From (3.2), we have

κY(r,n,m̃n)
(x)

κX(r,n,m̃n)
(x)

=
κY (x)

κX(x)
E [ϕ4(T, x)] ,

where

ϕ4(t, x) =
[(1− tF (x))/F̄ (x)

(1− tG(x))/Ḡ(x)

]γ(r,n,m̃n)−1 ξr(tF (x))/ξr(F (x))

ξr(tG(x))/ξr(G(x))

and T is a nonnegative random variable having a cdf belonging to the family P4 =
{T (·|x), x ∈ R+} with the pdf

l4(t|x) = c4(x)I{0≤t≤1}

[(1− tG(x))

Ḡ(x)

]γ(r,n,m̃n)−1 ξr(tG(x))

ξr(G(x))
,
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where c4(x) is the normalizing constant. SinceX ≤st Y and γ(r,n,m̃n) ≥ 1,
[ (1−tF (x))
(1−tG(x))

]γ(r,n,m̃n)−1

is decreasing in t. We show that ξr(tx2)/ξr(tx1) is decreasing in t for x1 ≤ x2 by induction.
This holds if, and only if, for every c > 0, the function ξr(tx2)− cξr(tx1) has at most one
change of sign, and if so, it would be from + to −. From (2.2), we have

ξr(tx2)− cξr(tx1) =

∫
R
λ(t, z)λ1(z)dz,

where

λ(t, z) = I{0≤z≤t},

λ1(z) = ξr(zx1)[1− zx1]
mr−1x1

(
ξr−1(zx2)

ξr−1(zx1)

[1− zx2
1− zx1

]mr−1 x2
x1

− c

)
.

According to mi ≥ 0 and inductive assumption, the expression in parentheses of λ1(z)
changes sign at most once, and if once from + to −. In addition, λ(t, z) is TP2 in (t, z).
So, ξr(tx2) − cξr(tx1) changes sign at most once, and if once from + to − according to
Theorem 3.12. We now show that the fist term in ϕ4(t, x) is increasing in x. We have

d

dx
ln

(1− tF (x))/F̄ (x)

(1− tG(x))/Ḡ(x)
=

−tf(x)
1− tF (x)

+ hX(x) +
tg(x)

1− tG(x)
− hY (x)

= hX(x)(1−
tF̄ (x)

1− tF (x)
)− hY (x)(1−

tḠ(x)

1− tG(x)
)

= (
hX(x)

1− tF (x)
− hY (x)

1− tG(x)
)(1− t) ≥ 0,

because of X ≤hr Y and X ≤st Y . By a similar approach as in the proof of Theorem 3.5
and using Lemma 3.12, the second term in ϕ4(t, x) is also increasing in x. One can see
that

l4(t|x2)
l4(t|x1)

∝
[(1− tG(x2))

(1− tG(x1))

]γ(r,n,m̃n)−1 ξr(tG(x2))

ξr(tG(x1))

is decreasing in t and thus T (·|x1) ≥lr T (·|x2) for x1 ≤ x2. Therefore, E [ϕ4(T, x)] is
increasing in x according to part (i) of Lemma 3.11.

Remark 3.7. (a) [14] obtained Theorem 3.5 for special case of record values, i.e., for the
case γ(n,n,m̃n) = 1 and mi = −1 ∀i under the condition X ≥st Y instead of X ≥hr Y . Note
that if for all i, mi = −1, then the terms including Ḡ(x)/F̄ (x) vanishes and therefore the
condition X ≥hr Y can be weaken to X ≥st Y ;
(b) [15] obtained Theorem 3.6 for special case of OS.

Finally, it is worth mentioning that [15] showed that none of Theorems 3.1 and 3.2 is
valid for the ordering of ≤a for OSs (mi = 0). These cases are done similarly for different
values   of the parameter mi’s, which is not listed here for brevity.
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Discrete Lévy-type Distribution
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Abstract

In this paper, we study stochastic ordering and reliability properties of a dis-
crete distribution generated by the Lévy density (discrete Lévy-type distribution).
We show that the family is ordered with respect to its parameter in the likelihood
ratio order, which implies both hazard rate ordering and the usual stochastic or-
der. These ordering relations provide a natural interpretation of the parameter
in terms of lifetime behavior: larger parameter values correspond to stochastically
larger lifetimes and lower hazard rates. We also investigate the asymptotic behav-
ior of the main reliability characteristics. In particular, the hazard rate decreases
asymptotically to zero, while the mean residual life increases linearly for large ages.
These results provide a unified understanding of how the parameter of the discrete
Lévy-type distribution governs both stochastic ordering and long-term reliability
behavior, offering insight into the dependence between lifetime characteristics, haz-
ard rate decay, and mean residual life growth.

Keywords: discrete Lévy-type distribution, stochastic ordering, hazard rate,
mean residual life.
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1 Introduction
Discrete analogues of continuous heavy-tailed distributions have attracted considerable
attention in recent years due to their usefulness in modeling count data exhibiting large
variability and heavy tails (see, for example, [1, 6, 7]). Among these models, the one-
parameter discrete distribution generated by the Lévy density (discrete Lévy-type distribu-
tion) provides a flexible framework for describing phenomena where extreme values occur
with non-negligible probability (see, for example, [3, 4, 5]).

An important aspect in the study of parametric distribution families is the comparison of
models through stochastic orderings. Such orderings provide a rigorous way to compare
random variables in terms of their magnitude, variability, or failure behaviour, and they
play a central role in reliability theory, survival analysis, and risk analysis.

In this paper we investigate stochastic ordering properties of the discrete Lévy-type dis-
tribution with respect to its parameter. In particular, we establish a likelihood ratio
ordering and derive the corresponding hazard rate and stochastic orderings. We further
examine reliability characteristics of the model by studying the asymptotic behaviour of
the hazard rate and the mean residual life function.

1.1 Discrete Lévy-type distribution
Motivated by the continuous Lévy distribution, consider the Lévy probability density
function with zero location parameter, given by (see, for example, [9])

fx(γ) =

√
γ

2π
x−

3
2 exp

(
− γ

2x

)
, γ > 0, x > 0. (1.1)

Extracting the structural kernel from (1.1), define

sx(γ) = x−
3
2 exp

(
− γ

2x

)
. (1.2)

The probability mass function of the discrete Lévy-type distribution is given by [3]

px(γ) =
1

c(γ)
sx(γ), x = 1, 2, . . . , (1.3)

where the normalization constant is

c(γ) =
∞∑
k=1

k−
3
2 exp

(
− γ

2k

)
. (1.4)

The discrete Lévy-type distribution exhibits heavy-tailed behavior, characterized by the
moment condition E[Xr] <∞ if and only if r < 1

2
, (see [5]).

The distribution (1.3) can be viewed as a discrete analogue of the Lévy kernel of the
1
2
‑stable law. Motivated by the continuous Lévy density, the discrete Lévy‑type model

is defined on the support {1, 2, . . . } and retains the same tail exponent while reflecting
discretization effects [5].
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2 Main Results
2.1 Stochastic ordering
The stochastic ordering of Xγ with respect to γ helps clarify how the tail behaviour
and reliability characteristics change as the parameter varies. We briefly recall several
stochastic orders commonly used in reliability theory (see, for example, [2, 10]).

Definition 2.1. [2] A random variable X1 is said to be smaller than X2 in the usual
stochastic order, written X1 ≤st X2, if

P (X1 > t) ≤ P (X2 > t), t ∈ R.

Definition 2.2. [10] A random variable X1 is said to be smaller than X2 in the likelihood
ratio order, written X1 ≤lr X2, if

P (X2 = x)

P (X1 = x)

is increasing in x over the union of their supports.

Definition 2.3. [10] A random variable X1 is said to be smaller than X2 in the hazard
rate order, written X1 ≤hr X2, if

P (X1 ≥ x)

P (X2 ≥ x)

is decreasing in x.

We now state the main ordering result for the model.

Theorem 2.4. Let Xγ1 and Xγ2 be discrete Lévy-type random variables. If γ1 < γ2, then

Xγ1 ≥lr Xγ2 .

Consequently,
Xγ1 ≥hr Xγ2 and Xγ1 ≥st Xγ2 .

Proof. Consider
R(x) =

px(γ2)

px(γ1)
, x = 1, 2, . . . .

Using (1.3),

R(x) =
c(γ1)

c(γ2)
exp

(
−γ2 − γ1

2x

)
.

Hence
R(x+ 1)

R(x)
= exp

(
γ2 − γ1

2x(x+ 1)

)
> 1,

so R(x) is increasing and therefore

Xγ1 ≥lr Xγ2 .

The remaining implications follow from standard ordering results [10].
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2.2 Reliability interpretation
In reliability analysis the discrete hazard rate, corresponding to the parameter γ, is defined
as

hx(γ) =
px(γ)

P (Xγ ≥ x)
, x = 1, 2, . . . , (2.1)

From the likelihood ratio ordering, if γ1 < γ2 then Xγ1 ≥st Xγ2 , implying that smaller
values of γ correspond to stochastically larger lifetimes.

Proposition 2.5. For a fixed γ > 0, the hazard rate hx(γ) of the discrete Lévy-type
distribution (1.3) asymptotically behaves as

hx(γ) ∼
1

2x
, as x→ ∞. (2.2)

where ∼ denotes asymptotic equivalence as x→ ∞.

Proof. Since exp(− γ
2x
) → 1 as x→ ∞, the probability mass function satisfies [5]

px(γ) ∼
1

c(γ)
x−

3
2 . (2.3)

Consequently, the survival function can be approximated by

P (Xγ ≥ x) ∼ 1

c(γ)

∞∑
j=x

j−
3
2 ∼ 2

c(γ)
x−

1
2 . (2.4)

Substituting (2.3) and (2.4) into (2.1) yields (2.2).

Remark 2.6. The asymptotic relation hx(γ) ∼ (2x)−1 indicates that the hazard rate de-
creases at large values of x, which is consistent with heavy-tailed lifetime behavior.

2.3 Mean residual life
The mean residual life function is a fundamental concept in reliability theory [2]. For
x ∈ N, it is defined by

mx(γ) = E[Xγ − x | Xγ ≥ x].

We now establish the asymptotic behavior of the mean residual life function.

Proposition 2.7. For the discrete Lévy-type model (1.3), if (2.4) holds, then as x→ ∞

mx(γ) ∼ 2x. (2.5)

Proof. For integer-valued lifetimes,

mx(γ) =

∑∞
j=x+1 P (Xγ ≥ j)

P (Xγ ≥ x)
.
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Assume that P (Xγ ≥ j) ∼ Aj−
1
2 , where A = 2

c(γ)
. By the integral test, we have

∞∑
j=x+1

P (Xγ ≥ j) ∼ A

∫ ∞

x

t−
1
2 dt = 2A

√
x.

Since P (Xγ ≥ x) ∼ Ax−
1
2 , it follows that

mx(γ) ∼
2A

√
x

Ax−
1
2

= 2x.

Remark 2.8. The asymptotic relation (2.5) shows that the expected remaining lifetime
grows linearly with age for the distribution defined in (1.3).

3 Conclusion
In this study, we established the fundamental reliability framework and stochastic order-
ing properties for the discrete Lévy-type distribution. Our analysis demonstrated that
the parameter γ serves as a crucial determinant of the model’s tail behavior and lifetime
characteristics. By proving that the distribution belongs to the likelihood ratio ordering
family with respect to γ, we provided a mathematical basis for its stochastic monotonic-
ity; specifically, an increase in γ consistently leads to stochastically larger lifetimes and a
reduction in the hazard rate.

Furthermore, our asymptotic investigation revealed that the model exhibits a vanish-
ing hazard rate, decaying at the rate of (2x)−1. This property, coupled with the linear
growth of the mean residual life (mx(γ) ∼ 2x), characterizes the distribution as a suitable
candidate for modeling systems with long-term survival or heavy-tailed count data where
the risk of failure decreases over time. These findings not only offer a unified understand-
ing of the discrete Lévy-type distribution but also enhance its applicability in reliability
engineering and survival analysis, where capturing such limiting behaviors is essential.
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Abstract

In a scrap‑based steel production line, traditional maintenance policies fail due
to complex interactions between hammer wear, buffer limits, demand, and RUL.
Existing DRL approaches are reactive and rely on pre‑defined degradation models.
This paper proposes Agent‑Informed Discretization: a DDQN agent is first trained
in a continuous space with 21 actions (0‑20 hammer replacements). Knowledge
extraction via sensitivity and action‑frequency analysis identifies strategic break-
points and prunes actions to 5 effective ones (0,3,5,15,20), forming an interpretable
96‑state discrete space. Zero‑shot evaluation shows our model achieves higher mean
reward (−1549.2 vs. −1534.6 and −1275.21) and lower standard deviation (22.96
vs. 16.11 and 12.67). Unlike black‑box DRL, the resulting policy is transparent, ex-
pressed as simple if‑then rules from learned behavior. This work demonstrates that
combining expressive DRL training with principled knowledge extraction yields
high‑performance, low‑cost, deployable maintenance strategies for real industrial
systems.
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1 Introduction
The steel industry is one of the most energy-intensive and carbon-emitting sectors globally.
Scrap‑based steel production, which recycles ferrous scrap through shredding and melting,
offers a more sustainable alternative to primary production. However, the efficiency of
such a production line heavily depends on the reliable operation of its core components—
particularly the shredder, whose hammers undergo progressive wear, and the downstream
workstation, which faces variable demand and stochastic failures. Between these two
stations lies a buffer of limited capacity, creating complex material flow interdependencies.
A failure or unnecessary stoppage at any point can propagate through the system, leading
to production loss, high corrective costs, and unmet demand [1].

Maintenance policy optimization in such multi‑component systems is therefore critical
but challenging. Traditional approaches include time‑based maintenance (TBM), which
follows fixed schedules, and corrective maintenance (CM), which acts only after failure.
Both ignore real‑time system condition and dynamic interactions among components.
Condition‑based maintenance (CBM) improves upon these by using sensor or operational
data to trigger maintenance only when needed. However, implementing CBM in complex
industrial lines remains difficult because direct wear data (e.g., hammer thickness sensors)
is often expensive or unavailable, and degradation processes are stochastic with non‑trivial
component interactions [2].

Recent advances in deep reinforcement learning (DRL) have shown promise in over-
coming some of these limitations. DRL agents learn optimal maintenance policies through
direct interaction with a simulated environment, without requiring an explicit analytical
model of system dynamics [3]. Nevertheless, current DRL‑based CBM solutions suffer
from two major gaps. First, most models rely on either pre‑defined degradation models
(e.g., gamma processes with known parameters) or direct state measurements that are
rarely available in real industrial settings. Second—and more critically—existing DRL
agents are fundamentally reactive: they base decisions solely on the current observed
state, missing the opportunity to anticipate future events [1]. For example, if the second
workstation is about to fail (low remaining useful life, RUL), a reactive agent cannot
proactively schedule preventive maintenance on the first workstation to coincide with
the upcoming unavoidable stoppage. This lack of forward‑looking coordination leads to
multiple separate stoppages, higher downtime, and increased costs.

To address these gaps, this paper builds upon the foundational model of Ferreira
Neto, Cavalcante, and Do [1], who first formulated a scrap‑based steel production line
as a Markov Decision Process and applied a Double Deep Q‑Network (DDQN) in a
discrete state space. We extend their work by introducing a novel framework called
Agent‑Informed Discretization. The core idea is to first train a high‑capacity DRL
agent in a continuous state space with a rich action space (replacing 0 to 20 hammers)
without any engineering simplifications. This agent learns an optimal, though black‑box,
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policy. Then, instead of deploying this computationally expensive continuous agent di-
rectly, we extract knowledge from it: we perform sensitivity analysis on the learned value
function to identify strategic breakpoints (phase transitions) where the optimal decision
changes sharply, and we analyze action frequency to identify which actions are actu-
ally used by the optimal policy. These extracted insights are then used to construct a
pruned action space (only 5 effective actions: replace 0, 3, 5, 15, or 20 hammers) and an
informed discrete state space (96 interpretable states). The resulting policy is transpar-
ent, low‑complexity, and suitable for real‑time industrial controllers, while retaining the
performance of the original continuous DRL model.

The main contributions of this work are:

• A novel methodology that bridges the gap between expressive continuous DRL
and interpretable, deployable maintenance policies through knowledge extraction,
building directly on the foundational model of [1].

• Integration of prognostic information (RUL of the downstream workstation) as a
forward‑looking signal, enabling opportunistic maintenance coordination.

• Demonstration that action‑frequency analysis can naturally prune a large action
space (21 actions) to a small set of strategically meaningful actions.

• Construction of an informed discrete state space (96 states) that preserves critical
system dynamics while being fully interpretable.

• Quantitative evaluation in a zero‑shot setting, showing that the final model achieves
higher mean reward and significantly lower variance compared to baseline models.

The remainder of this paper is organized as follows. Section 2 describes the scrap‑based
steel production line and its mathematical modeling as a Markov Decision Process. Sec-
tion 3 presents the proposed Agent‑Informed Discretization framework in detail. Section
4 reports experimental results and comparisons. Section 5 concludes the paper with a
discussion of limitations and future work.

2 Methodology
The proposed Agent‐Informed Discretization framework consists of three main phases:
(i) development of a continuous simulation environment and training of a high‑capacity
DDQN agent, (ii) knowledge extraction from the trained agent via sensitivity analysis
and action‐frequency analysis, and (iii) construction of an informed discrete state–action
space that is interpretable and suitable for real‐time industrial deployment.

2.1 Advanced Simulation Environment
Unlike previous studies that used a discrete state space with only three coarse variables
(production rate, buffer level, demand), we develop a continuous‐state simulation envi-
ronment that captures the full dynamics of the scrap‑based steel production line. The
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environment models the shredder (first workstation), a buffer, and the downstream work-
station with stochastic failures and variable demand.

The system state at time step t is represented by a continuous vector of five key
variables:

st = [Pt, bt, dt, RULt, Deft] (2.1)
where:

• Pt: instantaneous production rate of the shredder (tons/hour), affected by hammer
wear and input scrap quality.

• bt: actual buffer inventory level (tons), 0 ≤ Bt ≤ K with K = 1000 tons.

• dt: demand from the second workstation (tons/hour), sampled from a normal dis-
tribution N (15, 1).

• RULt: remaining useful life of the second workstation (hours), which decreases
deterministically over time and resets after a failure or periodic inspection.

• Deft: number of defective hammers (0 to 20), where a hammer is considered defec-
tive when its degradation level exceeds 0.2.

The action space is significantly expanded compared to classical binary decisions (con-
tinue / stop for PM). The agent can choose to replace any integer number of hammers
from 0 to 20. Thus, the action set contains |A| = 21 discrete actions:

at ∈ {0, 1, 2, . . . , 20} (2.2)
where at indicates how many hammers are replaced during a maintenance intervention. If
at = 0, the shredder continues production without stoppage; if at > 0, a maintenance stop
is triggered, all hammers with degradation above 0.2 are replaced (at least the number
specified), and the associated costs and downtime are incurred.

Hammer wear is modeled using independent gamma processes. Each hammer i has a
degradation level di(t) evolving as:

di(t+∆t) = di(t) +Ga(α,∆t, β) (2.3)
where α and β are shape and scale parameters that depend on the production speed (fast
mode T1 or slow mode T2). The total production rate is:

Pt = ρt ·
n∑

i=1

pi(di(t)) (2.4)

with ρt ∼ N (1, 0.1) representing scrap heterogeneity, and pi(di) ∈ [0, 1] the individual
hammer efficiency.

The reward function is designed to minimize long‑term costs and is normalized to the
range [−10, 0]:

rt = −cuUt − csBt − Iat>0 (ci + cr(at))− ICM(cf ) (2.5)
where Ut is unmet demand, cu = 100 (cost per unit unmet), cs = 0.01 (holding cost),
ci = 50 (fixed inspection cost), cr = 230 (cost per hammer replacement), cf = 3000
(catastrophic failure cost).

For clarity, Table 1 summarizes the parameters and their values used in the simulation.
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Table 1: Parameters and values used in the simulation
Par Description Value
n Number of hammers 20 components
h1 Buffer level for decreasing production pace to T2 16 ton
h2 Buffer level for increasing production pace to T1 4 ton
αT1 Shape parameter for T1 1
βT1 Scale parameter for T1 0.1
αT2 Shape parameter for T2 0.5
βT2 Scale parameter for T2 0.12
c1 Production constant for T1 1
c2 Production constant for T2 0.8
µρt Mean parameter for iron percentage 1 ton
σρt Standard deviation for iron percentage 0.1 ton
λFs Distribution parameter for CM duration in the second workstation 3 hours
µdt Mean parameter for demand 15
σdt Standard deviation for demand 1
λFf

Distribution parameter for failure events at the second workstation 336 hours
λFa Distribution parameter for Ta 10 hours
cr Cost per hammer replacement 230 un./component
ci Cost per inspection 50 un.
cs Inventory carrying cost 0.01 un./ton.hours
cu Cost per unit of unmet demand 100 un./ton
cf Cost per failure event of the shredder 3000 un.
TP Time for inspection (fixed) 4 hours
Tu Time per hammer replacement 1 hour
Ta Additional time for CM -
Ts Second workstation time interval for PM 24 hours
Td PM duration for the second workstation 2 hours
K Buffer capacity 1000 ton

2.2 Phase 1: Training a Continuous DDQN Agent
We train a Double Deep Q‑Network (DDQN) agent directly on the continuous state space
(5‐dimensional input) with the full 21 action outputs. The architecture is a fully connected
neural network with two hidden layers, each containing 64 neurons with ReLU activation.
The output layer uses linear activation to produce Q‑values for each of the 21 actions.

Key hyperparameters are:

• Replay buffer size: 105 transitions.

• Batch size: 128.

• Discount factor γ = 0.91.

• Learning rate: 2.24 (Adam optimizer).

• Target network update interval: every 100 steps.

• Exploration: ϵ-greedy with ϵ decaying from 1.0 to 0.5 at a decay rate of 0.3.
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The agent is trained for 25 million time steps (approximately 25000 episodes with
1000 steps). The training curve shows convergence after about 300 episodes. However,
this continuous DDQN model, while high‑performing, is computationally expensive and
operates as a black box.

2.3 Phase 2: Knowledge Extraction from the Trained Agent
Instead of deploying the continuous agent directly, we extract strategic knowledge from
it. This extraction proceeds in two parallel analyses.

2.3.1 2.1 Sensitivity Analysis and Breakpoint Identification

After training, we fix the agent’s policy and compute the sensitivity of the Q‑value function
with respect to each continuous state variable. For a given state s, the sensitivity is
approximated by the mean absolute gradient over a local neighbourhood:

Sensitivity(sj) = Es∼D

[∣∣∣∣∂Q(s, a∗)∂sj

∣∣∣∣] (2.6)

where a∗ = argmaxaQ(s, a).
We identify breakpoints — values of a state variable where the derivative changes

abruptly, indicating a phase transition in the optimal policy. For example, the analysis
reveals a sharp change in the optimal action when the number of defective hammers
exceeds 5, another at 12, and again at 15. Similarly, the RUL variable shows critical
thresholds at 400 minutes (6.5 hours) and 1200 minutes (20 hours) remaining.

These breakpoints are not chosen arbitrarily; they emerge directly from the agent’s
learned behaviour and reflect the underlying physical and economic trade‑offs of the sys-
tem.

2.3.2 2.2 Action Pruning via Frequency Analysis

We run the trained continuous agent for 500 evaluation episodes (without exploration)
and record the frequency of each of the 21 actions. The resulting histogram shows that
the optimal policy uses only a small subset of actions. This indicates that the agent
naturally discovers that only five distinct levels of maintenance intensity are strategically
meaningful. Consequently, we prune the action space from 21 to 5 effective actions:

Apruned = {0, 3, 5, 15, 20} (2.7)

2.4 Phase 3: Construction of the Informed Discrete State–Action
Space

Using the breakpoints identified from sensitivity analysis, we discretize each continuous
state variable into meaningful intervals. For example:

• Number of defective hammers (Def): intervals [0, 5], [6, 12], [13, 15], [16, 20] → 4
levels.
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• RUL: intervals [0, 400], [401, 1200], [1201, 3000] → 3 levels.

• Production rate (P ): intervals derived from the two operating modes (low: [0, 5],
high: [6, 20]) → 2 levels.

• Buffer level (B): based on the critical thresholds [0, 600], [601, 1000] → 2 levels
(low/medium/high buffer level can be used; we use 2 for simplicity after analysis).

• Demand (D): [0, 5], dt > 5 → 2 levels.

The total number of discrete states is the product: 4 × 3 × 2 × 2 × 2 = 96. However,
not all combinations are reachable under the system dynamics. After removing physically
impossible combinations, the theoretical informed state space contains 96 states, of which
only approximately 57 are actually visited during simulation. The agent is trained on the
full 96‑state space, but the unreachable states do not affect learning.

Each state is now a tuple of discrete indices, and the action space is the pruned set of
5 actions. This discrete MDP is extremely compact and can be represented as a lookup
table or a simple rule‐based system.

2.5 Evaluation Protocol
To fairly compare the proposed informed model against baselines—specifically, (i) a con-
tinuous model with a 3‑dimensional state space and binary actions (0: continue, 1: stop
for PM), and (ii) a continuous model with a 4‑dimensional state space (including RUL)
and the same binary actions—we use a zero‑shot evaluation setup. All policies are eval-
uated on the same simulation environment (identical stochastic seeds, 500 independent
episodes). No additional learning occurs during evaluation; we use a fully greedy policy
(ϵ = 0).

Performance metrics are:

• Mean cumulative reward per episode (normalized to the range [−10, 0] as during
training).

• Standard deviation of cumulative reward (measuring operational stability).

The results, presented in the next section, demonstrate that the informed model
achieves higher mean reward and significantly lower variance than both the 3‑dimensional
state space model and the 4‑dimensional state space model, while being fully interpretable
and computationally lightweight.

3 Results
We evaluate the proposed Agent‑Informed Discretization framework against two baseline
models: (i) the first baseline model is a continuous 3-dimensional state space with binary
actions (continue/stop), and (ii) the second baseline model a 4-dimensional state space,
which operates on the full continuous state space but with the same binary action space.
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All models are compared in a zero‑shot setting on the same stochastic simulation environ-
ment over 500 independent episodes, using a fully greedy policy (ϵ = 0) to isolate policy
quality from exploration noise.

Table 2 summarizes the quantitative results. Our final informed discrete model (96
states, 5 pruned actions) achieves the highest mean reward (−1275.21), outperforming
the first baseline model (−1549.2) and the second one (−1534.6). More importantly, the
standard deviation of the reward drops dramatically from 22.96 (first baseline model)
and 16.11 (second baseline model) to only 12.67 in our model. This reduction in variance
indicates that the informed policy is not only more cost‑effective on average but also
significantly more stable and predictable—a critical property for real‑world industrial
deployment where consistency matters as much as average performance. The following
subsections analyze the learning behavior, policy structure, and sensitivity analyses that
lead to these improvements.

Table 2: Comparison of model performance
Model Mean Reward Std Dev
3-dimensional state space model -1549.2 22.96
4-dimensional state space model -1534.6 16.11
5-dimensional state space model (smart) -1275.21 12.67

3.1 Training Convergence of the Continuous DDQN Agent
Before extracting knowledge, we first trained a high‑capacity DDQN agent directly on
the continuous state space with 21 possible actions (replacing 0 to 20 hammers). Figure 1
shows the training progression over 25,000 episodes (each episode simulates up to 1000
time steps). The blue line represents the total undiscounted reward per episode, while
the red line is a moving average to reveal the underlying trend.

• Exploration and Rapid Improvement Phase (Episodes 0–3,000): At the
onset of training, the agent starts with a Total Reward of approximately −12, 500.
As the exploration rate decays, the moving Average (red line) exhibits a sharp
upward trajectory, reaching a near-zero plateau by episode 3,000. This indicates that
the agent quickly identifies a policy that avoids catastrophic failures and unnecessary
maintenance costs.

• Convergence and Policy Stability (Episodes 3,000–21,500): For the remain-
der of the training, the moving average remains remarkably stable, hovering close to
the zero-baseline (estimated between −1, 000 and −3, 000). This extended plateau
over 18,000 episodes demonstrates that the continuous DDQN architecture has suc-
cessfully converged to a robust and near-optimal maintenance policy.

• Environmental Stochasticity and Extreme Outliers: Despite the stable mov-
ing average, the Episode Reward (light blue) shows intermittent sharp dips
throughout the training process. The most significant outlier occurs around episode
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Figure 1: Training convergence of the continuous DDQN agent. The blue line shows
episode reward; the red line shows moving average (429‑episode window).

13,000, where the reward drops to approximately −172, 000. These fluctuations are
attributed to the inherent stochastic nature of the environment—such as sudden
equipment failures or extreme variations in scrap quality—which can occasionally
lead to high-cost episodes even under an optimized policy.

The training convergence confirms that the continuous DDQN architecture is capa-
ble of learning an effective maintenance policy in this complex environment. However,
the computational cost (over 25,000 episodes, each requiring up to 1000 steps) and the
black‑box nature of the neural network motivate the need for knowledge extraction and
simplification, which we present next.

3.2 Learned Policy of the Continuous DDQN Agent

After training convergence, we extract the deterministic greedy policy from the continuous
DDQN agent by fixing ϵ = 0 and recording the action with the highest Q‑value for each
representative state. Figure 2 visualizes this policy as a matrix (heatmap) where rows
correspond to the number of defective hammers (grouped into intervals 0, 5, 10, 15, 20)
and columns represent different operating conditions (primarily varying the remaining
useful life, RUL, of the second workstation and the production rate). The entries indicate
the selected action: 1 (replace 0 hammers, i.e., continue), 2 (replace 3 hammers), 3 (replace
5 hammers), 4 (replace 15 hammers), or 5 (replace 20 hammers, full overhaul).

The following sections detail the strategic behaviors developed by the agent across
different operational regimes, illustrating how the policy adapts to production pressure
and system health.
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Figure 2: Learned greedy policy of the continuous DDQN agent after convergence. Each
cell shows the optimal action (1–5) for a given number of defective hammers (row) and
operating condition (column). The agent adapts maintenance intensity based on both
wear level and prognostic information (RUL).

3.2.1 Low Production Regime (Production Rate: 0–5), Flexible Preventive
Maintenance

In this regime, typically observed when RUL = 50, the system is in a ”transition” state
(neither brand new nor near failure).

• Analysis: At low production rates, the agent exhibits high sensitivity to the num-
ber of defective hammers. The high variance in action selection (represented by
diverse color mapping in the policy plot) indicates the frequent use of Intermediate
Actions.

• Conclusion: The agent learns to exploit low-pressure periods to perform minor
replacements (e.g., 3 or 5 hammers). This improves production quality without
incurring the heavy costs of a full system shutdown.

3.2.2 Medium Production Regime (Production Rate: 10–15), Risk Manage-
ment and Survival Strategy

In this scenario, where RUL = 10 (indicating a critical health state), the agent’s behavior
shifts fundamentally.

• Analysis: Despite the moderate production demand, the severe degradation of the
machine (RUL = 10) leads the agent to favor minimal intervention, represented by
the dominance of dark-shaded regions (lowest replacement intensity).
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• Conclusion: The agent correctly identifies that investing in hammer replacements
is economically inefficient when the entire unit is on the verge of a major break-
down. The priority shifts from ”tool quality” to Sunk Cost Minimization, as the
workstation is expected to stop for a total overhaul shortly regardless of minor
repairs.

3.2.3 High Production Regime (Production Rate: 20–25), Maximum Pro-
ductivity and Overhaul Strategy

At a high RUL = 336 (representing a healthy downstream state), the policy demonstrates
the highest level of decisiveness.

• Analysis: The policy mapping shows highly organized, horizontal stratification.
As defective hammers increase, the agent aggressively transitions toward heavy
interventions (e.g., replacing 15 to 20 hammers).

• Conclusion: When the machine is healthy and production demand is high, the
agent adopts a Maximum Reliability strategy. It prevents the defect count from ex-
ceeding critical thresholds by performing major maintenance, thereby guaranteeing
continuous high-rate production. Due to low buffer levels at high RUL, the agent
becomes hyper-sensitive to tool quality to prevent any unscheduled stoppages.

3.3 Sensitivity Analysis and Policy Breakpoints
To understand the decision logic of the converged agent, we analyze the relationship be-
tween the Max Q-value and key state variables. These curves reveal strategic ”breakpoints”—
thresholds where the agent’s valuation of the state changes significantly, signaling a shift
in the optimal policy.

3.3.1 Broken Hammers: A Multi-Stage Degradation Analysis

The analysis of the defective hammers variable (Figure 3) reveals four distinct levels of
valuation that dictate the agent’s maintenance intensity:

• Initial Wear [0, 5]: The Q-value shows a minor initial dip but remains relatively
high (above −9.0). The agent views the system as healthy, tolerating minor wear
without urgent intervention.

• Developing Damage [6, 10]: The valuation stabilizes and begins a slight recovery.
In this interval, the agent is likely monitoring the wear while prioritizing production,
as the ”point of no return” has not yet been reached.

• Critical Transition [11, 15]: This is the most volatile region. A sharp, precipitous
drop occurs at approximately 13 hammers, where the Q-value plunges from −8.5
to −13.5. This identifies 13 as the definitive ”action threshold” where the risk of
failure becomes economically unacceptable.
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• Saturation/Failure [16, 20]: Beyond 15 hammers, the curve flatlines at its min-
imum valuation. The agent considers the workstation effectively failed or in a state
of maximum inefficiency, necessitating a full overhaul.

Figure 3: Sensitivity analysis of the Max Q-Value across key state variables: Production
Rate, Buffer Level, Demand, S2 RUL, and Broken Hammers.

3.3.2 Buffer Level and Production Dynamics

The buffer level plot shows a massive positive correlation with the agent’s valuation,
indicating its role as the system’s ”economic heartbeat”:

• The Q-value remains negative until the buffer reaches approximately 650 units.

• A steep surge in valuation occurs between 650 and 900 units, where the Q-value
jumps from −5 to +35. This identifies 650 units as a strategic ”safety threshold”
that the agent strives to maintain to ensure downstream continuity.

3.3.3 Remaining Useful Life (RUL)

For the RUL of the second workstation, the agent’s valuation is sensitive primarily to
low-range health:

• Significant volatility and peaks are observed when the RUL is below 1,200 units,
reflecting the agent’s sophisticated coordination of opportunistic maintenance to
align with downstream health.

• Beyond 1,200 units, the Q-value flatlines, indicating that once the downstream work-
station is sufficiently healthy, its exact RUL value no longer influences immediate
maintenance decisions.

3.3.4 Production Rate and Demand

Both variables show a downward trend in valuation as values increase, though for different
reasons. For the production rate, a notable inflection point occurs at 4 units. Below 4,
the valuation drops sharply, suggesting the agent treats 4 units as the minimum viable
rate required to avoid heavy system penalties.
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3.3.5 Informed Discretization for Explainability

These data-driven breakpoints allow us to discretize the continuous state space into mean-
ingful, interpretable intervals. Specifically:

• Broken Hammers is partitioned into four levels: Healthy [0–5], Degraded [6–10],
Critical [11–15], and Failed [16–20].

• RUL is partitioned into three intervals based on the 1,200-unit stability threshold:
Urgent [0–400], Opportunistic [401–1,200], and Stable [>1,200].

This ensures that the simplified model extracted from the neural network preserves the
sophisticated economic logic learned during training.

3.4 Action Frequency Analysis and Pruning
After the continuous DDQN agent has converged, we evaluate its greedy policy (ϵ =
0) over 500 independent episodes and record the frequency of each action (number of
hammers replaced). Figure 4 presents the resulting histogram. The x‑axis shows the
action (0 to 20 hammers replaced), and the y‑axis shows the total count of times that
action was selected.

Figure 4: Frequency of each action selected by the converged continuous DDQN agent
during 500 evaluation episodes. Only a small subset of actions (0, 3, 5, 15, 20) are used
significantly; all intermediate actions have negligible counts.

3.4.1 Observed Action Distribution

The histogram reveals a highly strategic distribution. Contrary to simple policies, action
a = 3 is the most frequent, selected over 1,600 times, followed closely by a = 5. This in-
dicates that the agent’s primary strategy is Proactive Maintenance—performing frequent
light repairs to maintain high system health. Action a = 0 (continue production) is the
third most frequent, utilized when the defect count is below the critical threshold.

Heavy maintenance actions, specifically a = 15, appear when the system state de-
grades significantly. As shown in the scatter plot (Figure 4, right), there is a clear phase
transition: the agent strictly avoids maintenance (a = 0) until approximately 9 broken
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hammers, transitions to light repairs between 10–14, and triggers heavy interventions
once defects exceed 15.

3.4.2 Negligible Actions and Pruning

Remarkably, the vast majority of the 21 possible actions have near-zero frequencies. The
agent naturally ignores ”middle-ground” actions (like 7 or 12 hammers) that do not align
with the system’s economic breakpoints. This validates our action space pruning strategy.
By restricting the final model to the five identified effective actions {0, 3, 5, 15, 20} (or the
specific clusters observed), we eliminate redundant decision noise while preserving the
optimal strategic logic learned by the continuous DDQN.

3.4.3 Implication: Action Space Pruning

This observation directly motivates the action pruning step in our framework. The full
action space of 21 possibilities contains many redundant or suboptimal actions that the
optimal policy never uses. By pruning the action space to only the five effective actions
{0, 3, 5, 15, 20}, we reduce the complexity of the decision problem without sacrificing per-
formance. The pruned action space is used to construct the final informed discrete model,
which retains the agent’s strategic behaviour while being compact and interpretable.

3.5 Training Convergence of the Informed Discrete Model
After constructing the informed discrete state space (96 states) and the pruned action
space ({0, 3, 5, 15, 20}), we train a DDQN agent on this reduced MDP. Figure 5 shows the
training progression over episodes. The blue line represents the raw undiscounted reward
per episode, and the red line is a moving average that reveals the underlying trend.

Figure 5: Training convergence of the informed discrete Q‑learning agent. The agent
learns rapidly due to the compact state–action space and stabilizes with low variance.

Compared to the continuous DDQN training (Figure 1), the informed discrete model
converges much faster—within approximately 2,000 episodes instead of 12,000. This
speedup is a direct result of the knowledge extraction step: the state space has been
reduced from a continuous 6‑dimensional space to only 96 discrete states, and the action
space from 21 to 5 strategic actions. The agent no longer needs to explore irrelevant
actions or wasteful state regions.

The moving average shows a smooth, monotonic improvement without the extreme
volatility observed during continuous training. After convergence, the episode reward
stabilises around a value consistent with the zero‑shot evaluation reported in Table 2 (ap-
proximately −1521 mean reward). The remaining small fluctuations reflect the inherent
stochasticity of the environment (random scrap quality, demand, and failure timing), not
poor policy quality.

This fast and stable convergence confirms that the informed discrete model retains
the strategic optimality of the original continuous agent while being computationally
lightweight and suitable for real‑time industrial deployment.
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3.6 Structural Comparison and Benchmarking
To evaluate the superiority of the proposed model, a zero-shot assessment was conducted.
This benchmark compares the evolution of the models—from the initial thesis baseline
to the continuous architecture and finally to the current smart discrete model—under a
standardized reference environment. Table 3 summarizes the key structural differences
between these approaches.

Table 3: Structural Comparison of RL Frameworks for Maintenance Optimization
|>p2.5cm|>X|>X|>X|

Feature Model-1 Model-2 Smart-Model (Proposed)
State Space Coarse Discrete Continuous Informed Discrete

Action Space 2 Binary Actions (Repair / No Repair) 2 Binary Actions (Repair / No
Repair) 5 Strategic Actions (Pruned Actions)

Decision Method DDQN DDQN (Large Space) Smart DDQN
Computational Complexity High Very High Balanced (Optimal)

3.6.1 Robustness Evaluation

The zero-shot evaluation highlights how the models handle unseen environmental stochas-
ticity:

• Model-1: While computationally efficient, its coarse state space leads to significant
performance degradation in boundary conditions, as seen in the high variance of its
rewards.

• Model-2: Offers high precision but suffers from extreme computational overhead
and occasional instability due to the vast action space, evidenced by the sharp
reward dips during training.

• Proposed smart model: By utilizing Informed Discretization based on strate-
gic breakpoints (e.g., 13 broken hammers), the model achieves superior stability. It
filters out irrelevant actions, resulting in a robust policy that consistently outper-
forms its predecessors in both mean reward and variance reduction.

3.7 Quantitative Comparison of Models
Figure 6 presents the zero‑shot evaluation results for the three models. The y‑axis shows
the cumulative normalized reward per episode (higher is better), and the x‑axis lists
the three compared models: model-1 (3-dimensional state space model), model-2 (4-
dimensional state space model), and smart mode; (our proposed 5-dimensional informed
model with 5 strategic actions).

Figure 6: Zero‑shot comparison of cumulative normalized reward. Model-2 achieves
the highest mean reward and the smallest standard deviation, indicating both superior
cost‑effectiveness and operational stability.
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3.7.1 Mean Reward

The informed model (smart-model) achieves the highest mean reward of −1275.21, sig-
nificantly outperforming model-2 (−1534.6) and model-1 (−1549.2). This improvement
corresponds to a reduction in long-term operating costs of approximately 18% relative
to the baseline Model-1. This substantial gain demonstrates that the 5-state informed
discretization captures critical system dynamics that coarser models fail to represent.

3.7.2 Standard Deviation and Stability

More importantly, the smart-model exhibits the smallest standard deviation, as evidenced
by the significantly tighter box and whiskers in Figure ??. While model-1 shows high
variance and extreme outliers (reaching as low as −1700), the Smart-Model’s rewards
are tightly clustered between −1250 and −1310. This reduction in variance is a critical
advantage for real-world deployment: a policy that is both high-performing on average and
highly predictable is essential for reliable production planning and workforce scheduling.

3.7.3 Interpretability vs. Performance Trade-off

Notably, the smart-Model achieves superior performance despite using a simplified rep-
resentation compared to continuous architectures. This confirms that the knowledge
extraction process does not simply compress the policy—it refines it. By focusing on the
5 strategic state-action breakpoints, the model eliminates the ”decision noise” present
in model-1 and model-2. The result is a policy that is not only fully interpretable as a
set of logical rules but also objectively superior in both cost-effectiveness and operational
robustness.
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Abstract

A system comprising n independent components (or subsystems) is considered.
The stress-strength Reliability (SSR) of the system is analytically evaluated, and
the states of the system are classified considering the number of components whose
strengths above (below) the multiple stresses available in an environment. That is,
consideration of m stresses create m+ 1 states for the system and its components.
In this study, multi-state systems, in particular, multi-state k-out-of-n:G and multi-
state consecutive k-out-of-n:G, are considered in a stress-strength setup. Results
are illustrated for various stress-strength distributions. Maximum likelihood esti-
mators of state probabilities are also presented. It is observed that ignoring various
states of components leads to significant bias in reliability estimation. Finally, key
conclusions and generalizations are discussed.
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1 Introduction

One of the most widely used models in reliability analysis is the stress-strength model,
which was first introduced by Birnbaum [1]. This model is one of the basic approaches
in reliability analysis of engineering components and systems, in which the system is
functioning if and only if its strength Y exceeds the applied stress X. In the classical
stress-strength model, reliability is defined as R = P (X < Y ), where X and Y are
the stress and strength variables of the component, respectively. Given the importance
of coherent systems in various industries and their role in improving the efficiency and
safety of engineering systems, it is necessary to develop stress-strength models within the
framework of multi-state systems. Therefore, the considering of stress-strength model in
a setup of multi-state system framework enables us to make more accurate and sensitive
inferences about the system.

In most previous research works, only two possible states for the system and its com-
ponents have been considered: either working (if Yi > Z) or failed (if Yi ≤ Z). While
many engineering systems in practice have multiple operating states in which the system
and its components can operate at multiple levels of efficiency. Estimating reliability of
such systems may be incorrect if various states are ignored. Lisnianski et al. [8] studied
a power supply system consisting of generating units, in which the system and its com-
ponents may be modeled as multi-state. Eryılmaz [4] studied the SSR under multi-state
system model by using the size of X−Y to define the state of the multi-state system, and
evaluated system state probabilities under various assumptions on the system. Qin et al.
[10] used the ratio X/Y of the strength and stress values to define the state of multi-state
system and presented the estimation of the multi-state SSR function in detail when the
stress and strength variables followed independent exponential distributions. Eryılmaz
and Tuncel [6] addressed multi-state system with multi-state components in particular.

More recently, Deveci and Iscioglu [3] investigated the mean remaining strength of
multi-state components and multi-state systems under a stress–strength framework. Fur-
thermore, Bai et al. [1] extended the multi-state stress–strength model to systems with
multiple component types and dependent stress–strength variables through copula-based
modeling.

In the present study, we develop a multi-state stress-strength reliability model for
coherent systems under two common stresses. The proposed framework allows both the
components and the system to operate in three distinct performance states, providing a
more informative reliability assessment than the classical binary stress-strength model.
Suppose that a system consists of n independent components subjected to two common
stresses Z1 (temperature) and Z2 (friction).

The rest of this paper is organized as follows. In Section 2, the system used in the paper
is described. The state distributions associated with the system are presented in section
3. Illustrations and Numerical Results are shown in section 4. Eventually, Discussion and
Generalizations are stated in section 4.
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2 Model Description
Consider a system consisting of n independent components whose strengths Y1, Y2, . . . , Yn
which represent the strength of the components are independent identically distributed
(i.i.d) with continuous cumulative distribution function (cdf) F (x) = P{Yi ≤ x}, i =
1, 2, . . . , n. Suppose these components are subjected to two types of stresses Z1 and Z2 over
time. The states 0,1 and 2 represent completely failure, partially working, and completely
working states, respectively and a component is assigned to be “completely failure” when
the strength of the component is below both of the stresses, “partially working” if the
strength of the component is above only one stress, and “completely working” when the
strength of the component is above both of the stresses. Let Xi denote the state of the
ith component. Define

Xi =


0 if Yi < Z1:2

1 if Z1:2 < Yi < Z2:2, i = 1, 2, . . . , n

2 if Yi > Z2:2

(2.1)

where Z1:2 = min(Z1, Z2) and Z2:2 = max(Z1, Z2).
The random variables X1, . . . , Xn representing the states of the components are not

independent due to common random stresses.
The specification and determination of system states generally depends on engineering

and system considerations. Various structures for system states may appear based on the
conditions in the operating environment. We consider a model where the system is in
state j(j = 0, 1, 2) or above if and only if at least k components are in state j or above.
This system is known as a simple multi-state k-out-of-n:G system and in this case the
system and its components are both multi-state. We will use ϕ to denote the structure
function of this system. Another multi-state system called simple multi-state consecutive
k-out-of-n:G system is in state j(j = 0, 1, 2) or above if and only if at least k consecutive
components are in state j or above. We use ϕc to denote the structure function of this
system. For more details about the multi-state k-out-of-n:G systems, the interested reader
may refer to Kuo and Zuo [7].

3 State Distributions
Considering the distributions of Z1:2 and Z2:2. we initially assume stresses Z1 and Z2 to
be independent random variables with continuous cdfs G1 and G2 respectively. Then we
have

P{Z1:2 ≤ z} = 1− Ḡ1(z)Ḡ2(z),

where Ḡ(z) = 1−G(z) Similarly,

P{Z2:2 ≤ z} = G1(z)G2(z),

and

P{Z1:2 ≤ z1, Z2:2 ≤ z2} = G1(z2)G2(z2)− (G1(z2)−G1(z1))(G2(z2)−G2(z1)),
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For z1 < z2.
Now, Let pi,j denote the probability that component i is in state j and Pi,j denote the

probability that component i is in state j or above, 1 ≤ i ≤ n, 0 ≤ j ≤ 2. Then:

pi,0 = P{Xi = 0} =

∫
F (z)(g2(z)Ḡ1(z) + g1(z)Ḡ2(z)) d z,

pi,1 = P{Xi = 1} =

∫∫
z1<z2

(F (z2)− F (z1))(g1(z2)g2(z1) + g1(z1)g2(z2)) d z1 d z2,

pi,2 = P{Xi = 2} =

∫
F̄ (z)(g1(z)G2(z) + g2(z)G1(z)) d z.

As a special case if Z1 and Z2 are i.i.d with common cdf G and pdf g, then we have

pi,0 = 2

∫
F (z)Ḡ(z)g(z) d z,

pi,1 = 2

∫∫
z1<z2

(F (z2)− F (z1))g(z1)g(z2) d z1 d z2,

pi,2 = 2

∫
F̄ (z)G(z)g(z) d z, i = 1, 2, . . . , n.

Clearly
Pi,0 = 1, Pi,1 = pi,1 + pi,2, Pi,2 = pi,2.

In the following, we present the state distributions for multi-state k-out-of-n:G and multi-
state consecutive k-out-of-n:G systems, where the components states are denoted by
X1, X2, . . . , Xn.

Theorem 3.1. Let Rk,n
j denote the probability that the multi-state k-out-of-n:G system

is in state j or above, i.e., Rk,n
j = P{ϕ(X) ≥ j}. Then:

(a) Rk,n
0 = 1;

(b) Rk,n
1 =

∑n
m=k

(
n
m

)
E((F (Z1:2))

n−m(F̄ (Z1:2))
m);

(c) Rk,n
2 =

∑n
m=k

(
n
m

)
E((F (Z2:2))

n−m(F̄ (Z2:2))
m).

The probability that the system is in state j can be derived using

rk,nj = P{ϕ(X) = j} = Rk,n
j −Rk,n

j+1.

Proof. The proof can be found in [2].

Theorem 3.2. Let Rk,n
j.c denote the probability that the multi-state consecutive k-out-of-

n:G system is in state j or above. Then:

(a) Rk,n
0.c = P{ϕc(X) ≥ 0} = 1;

(b) Rk,n
1.c = 1−

∑n
l=0

∑a
j=0

∑n−l
i=0(−1)j(−1)i

(
n−l+1

j

)(
n−kj
n−l

)(
n−l
i

)
E(F̄ (Z1:2))

l+i;
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(c) Rk,n
2.c = 1−

∑n
l=0

∑a
j=0

∑n−l
i=0(−1)j(−1)i

(
n−l+1

j

)(
n−kj
n−l

)(
n−l
i

)
E(F̄ (Z2:2))

l+i,

where a = min
([

1
k

]
, n− l + 1

)
and [x] denotes the integer part of x.

Proof. The proof can be found in [2].

Now consider the case where the stresses are dependent, i.e., the random variables
Z1 and Z2 have the joint cdf G(z1, z2) and pdf g(z1, z2). In this case, the distributions
associated with Z1:2 and Z2:2 are obtained as follows:

P{Z1:2 ≤ z} = 1− Ḡ(z, z) = G1(z)G2(z)−G(z, z), (3.1)
P{Z2:2 ≤ z} = G(z, z), (3.2)
P{Z1:2 ≤ z1, Z2:2 ≤ z2} = G(z1, z2) +G(z2, z1)−G(z1, z1), (3.3)

where Ḡ(z1, z2) = P{Z1 > z1, Z2 > z2} represents the bivariate survival function.

4 Illustrations and Numerical Results
In this section, the state distributions of the multi-state systems introduced above are
computed and estimated under both independent and dependent stresses using parametric
statistical models.

4.1 Independent Stresses
Let Yis and Z1, Z2 are all independent exponential variates with cdfs

F (x) = 1− e−λx, Gi(x) = 1− e−θix; i = 1, 2, x ≥ 0.

Then, using the formulas used in the previous section,

pi,0 =
λ

λ+ θ1 + θ2

pi,1 =
θ1 + θ2

λ+ θ1 + θ2
− θ1θ2

(λ+ θ1 + θ2)(λ+ θ2)
− θ1θ2

(λ+ θ1 + θ2)(λ+ θ1)

pi,2 =
θ1

λ+ θ1
+

θ2
λ+ θ2

− θ1 + θ2
λ+ θ1 + θ2

.

The system state probabilities for a multi-state k-out-of-n:G system can also be calculated
as

Rk,n
1 =

n∑
m=k

n−m∑
i=0

(−1)i
(
n

m

)(
n−m

i

)
θ1 + θ2

(m+ i)λ+ θ1 + θ2
,

Rk,n
2 =

n∑
m=k

n−m∑
i=0

(−1)i
(
n

m

)(
n−m

i

)[ θ1
(m+ i)λ+ θ1

+
θ2

(m+ i)λ+ θ2
− θ1 + θ2

(m+ i)λ+ θ1 + θ2

]
.

Tables 1 and 2 contain some numerical results for 2-out-of-3 and 3-out-of-5 systems for
selected values of the parameters λ, θ1 and θ2.
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Table 1: State distribution of multi-state 2-out-of-3:G system
λ θ1 θ2 R2,3

1 R2,3
2 r2,30 r2,31 r2,32

0.1 0.2 0.3 0.893 0.607 0.107 0.286 0.607
0.1 0.2 0.5 0.933 0.660 0.067 0.273 0.660
0.5 0.2 0.3 0.500 0.124 0.500 0.376 0.124
0.5 0.8 0.3 0.724 0.271 0.276 0.453 0.271

Table 2: State distribution of multi-state 3-out-of-5:G system
λ θ1 θ2 R3,5

1 R3,5
2 r3,50 r3,51 r3,52

0.1 0.2 0.3 0.917 0.619 0.083 0.298 0.619
0.1 0.2 0.5 0.955 0.676 0.045 0.279 0.676
0.5 0.2 0.3 0.500 0.110 0.500 0.390 0.110
0.5 0.8 0.3 0.742 0.259 0.258 0.483 0.259

In the following, we compute system state probabilities for the multi-state consecutive
k-out-of-n:G system. The expected values E(F̄ (Z1:2))

m and E(F̄ (Z2:2))
m are enough for

computing the system state probabilities.

E(F̄ (Z1:2))
m = P{Y1 > Z1:2, . . . , Ym > Z1:2}

=

∫
(F̄ (z))m dP{Z1:2 ≤ z}

=

∫ ∞

0

(e−λz)m(θ2e
−θ2ze−θ1z + θ1e

−θ1ze−θ2z) d z

=
θ1 + θ2

θ1 + θ2 +mλ
, (4.1)

and

E(F̄ (Z2:2))
m = P{Y1 > Z2:2, . . . , Ym > Z2:2}

=

∫
(F̄ (z))m dP{Z2:2 ≤ z}

=

∫ ∞

0

(e−λz)m(θ1e
−θ1z(1− e−θ2z) + (1− e−θ1z)θ2e

−θ2z) d z

=
θ1θ2

θ1 + θ2 +mλ

[ 1

θ1 +mλ
+

1

θ2 +mλ

]
, (4.2)

Tables 3 and 4 contain some numerical results for 2-out-of-3 and 3-out-of-5 consecutive
systems for the same values of the parameters used in Tables 1 and 2. When the
parameters λ, θ1 and θ2 are known then the system state probabilities are simply com-
puted as above, otherwise we have to estimate them. Undoubtedly, the most flexible and
widely used method for estimating reliability is the maximum likelihood method. Because
the maximum likelihood estimator (mle) of a function of parameters is the same as the
mle function of the parameters. Let (Y1, . . . , Ym), (Z

(1)
1 , . . . , Z

(1)
m1) and (Z

(2)
1 , . . . , Z

(2)
m2) be

independent random samples from exponential distributions with means 1
λ
, 1
θ1

, and 1
θ2

,
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Table 3: State distribution of multi-state consecutive 2-out-of-3:G system
λ θ1 θ2 R2,3

1,c R2,3
2,c r2,30,c r2,31,c r2,32,c

0.1 0.2 0.3 0.804 0.496 0.196 0.308 0.496
0.1 0.2 0.5 0.856 0.548 0.144 0.308 0.548
0.5 0.2 0.3 0.417 0.094 0.583 0.323 0.094
0.5 0.8 0.3 0.625 0.211 0.375 0.414 0.211

Table 4: State distribution of multi-state consecutive 3-out-of-5:G system
λ θ1 θ2 R3,5

1,c R3,5
2,c r3,50,c r3,51,c r3,52,c

0.1 0.2 0.3 0.764 0.412 0.236 0.352 0.412
0.1 0.2 0.5 0.827 0.470 0.173 0.357 0.470
0.5 0.2 0.3 0.350 0.060 0.650 0.290 0.060
0.5 0.8 0.3 0.560 0.152 0.440 0.408 0.152

respectively. Then the mle of (λ, θ1, θ2) is given by

λ̃ = 1/Ȳm, θ̃1 =
1

Z̄
(1)
m1

and θ̃2 =
1

Z̄
(2)
m2

,

where Ȳm, Z̄(1)
m1 , and Z̄(2)

m2 represent the corresponding sample means.

4.2 Dependent Stresses
Let (Z1, Z2) has a bivariate Pareto distribution with survival function and pdf given,
respectively, by

Ḡ(z1, z2) = (z1 + z2 − 1)−θ,

g(z1, z2) = θ(θ + 1)(z1 + z2 − 1)−(θ+2), θ > 0, z1 > 1, z2 > 1.

Then, using (2.2) and (2.3), we have:

P{Z1:2 ≤ z} = 1− (2z − 1)−θ,

P{Z2:2 ≤ z} = 1− 2z−θ + (2z − 1)−θ.

Let the strengths of the components has a Pareto distribution with survival function

F̄ (x) = x−λ, λ > 0, x > 1.

Then using parts (b) and (c) of Theorem 3.1 we find the probabilities of the k-out-of-n:G
system being in states “1” and “2”, respectively, as

Rk,n
1 = 2θ

n∑
m=k

(
n

m

)∫ ∞

1

z−λm(1− z−λ)n−m(2z − 1)−(θ+1) d z

and
Rk,n

2 = 2θ
n∑

m=k

(
n

m

)∫ ∞

1

z−λm(1− z−λ)n−m(z−(θ+1) − (2z − 1)−(θ+1)) d z.
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These probabilities can be easily calculated if the parameters θ and λ are known as in Table
5. When the parameter values are unknown, then we can use their mles to estimate state
probabilities. For this, let (Y1, . . . , Ym) and (Z

(1)
1 , Z

(2)
1 ), . . . , (Z

(1)
m1 , Z

(2)
m1) be independent

random samples from the distributions of Y and (Z1, Z2). Then the mle of (λ, θ) is given
by

λ̃ =
m∑m

i=1 lnYi
, θ̃ = (C−1 − 1

2
) + (C−2 +

1

4
)
1
2 ,

Where C = m−1
1

∑m1

i=1 ln(Z
(1)
i + Z

(2)
i − 1); see, e.g., Mardia [9].

Table 5: State distribution of multi-state k-out-of-n:G system for dependent stresses
n k θ λ Rk,n

1 Rk,n
2 rk,n0 rk,n1 rk,n2

10 7 2 2 0.543 0.185 0.457 0.358 0.185
10 7 3 2 0.677 0.290 0.323 0.387 0.290
15 7 3 2 0.864 0.541 0.136 0.323 0.541
15 10 3 2 0.699 0.300 0.301 0.399 0.300
15 10 2 3 0.438 0.106 0.562 0.332 0.106

5 Discussion and Generalizations
In this article, we considered multi-state k-out-of-n:G systems and multi-state consec-
utive k-out-of-n:G systems and studied stress-strength reliability. Under the proposed
model, the states of the system are assigned considering the number of components whose
strengths above (below) the multiple stresses available in an environment. That is, consid-
eration of m stresses create m+1 states for the system and its components. In this study,
we considered the case of two stresses m = 2. Extending the proposed framework to the
general case of multiple stresses m > 2 is a promising direction for future research. In this
case, the state of the ith component can be defined in terms of order statistics as Xi = r
iff Zr:m < Yi < Zr+1:m, i = 1, . . . , n and r = 0, 1, . . . ,m, where Z0:m ≡ 0, Zm+1:m ≡ ∞.

We considered the simple multi-state k-out-of-n:G systems and multi-state consecutive
k-out-of-n:G systems whose components’ states are X1, X2, . . . , Xn. These multi-stste
system were chosen for two main reasons. First, these structures are widely used in
engineering applications and second they generalize multi-state series and parallel systems.
Future research may focus on extending the proposed framework to multiple-stress m > 2
settings as well as more general classes of multi-state coherent systems.
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Abstract

This paper introduces a novel statistical framework for modeling the actual lifes-
pan of components under real-world environmental conditions. Unlike traditional
laboratory-based assessments, our model incorporates environmental variability by
defining the actual lifespan as the product of a Gamma-distributed laboratory life-
time and a Dirichlet-distributed environmental impact vector. We derive the joint
distribution of this product and explore its fundamental properties, including mo-
ments and covariance structure. The model is further extended to scenarios involv-
ing multiple independent positions, where the aggregate lifespan is expressed as a
sum of such products. For cases where exact distributions are intractable, we pro-
pose an approximation method based on moment matching. Numerical simulations
and a real-data application using field records from an Iranian tractor manufacturer
illustrate the model’s accuracy and practical relevance. The proposed framework
offers a flexible tool for reliability analysis in fields such as civil engineering and
manufacturing.
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1 Introduction
The assessment of product lifespan under standard laboratory conditions often fails to
capture the complexities of real-world environments. While traditional reliability analy-
ses provide a useful baseline, factors such as temperature fluctuations, mechanical stress,
and material degradation significantly influence actual longevity. This disparity between
idealized testing and practical performance has motivated the development of more so-
phisticated statistical models that account for environmental variability [16].

In this paper, we propose a framework where the ”real lifetime” of a component is
conceptualized as the product of two distinct elements: a laboratory-measured baseline
lifetime and an environmental coefficient vector that modulates this baseline according to
external conditions. This approach extends the existing literature on generalized distribu-
tions [3, 14] and addresses questions regarding the approximation of multivariate random
variables raised in recent studies [5].

A key contribution of our work is the development of an approximation technique capa-
ble of handling multivariate cases, in contrast to previous univariate methods [13]. Section
5 includes numerical simulations and a real-data analysis based on field observations from
the Tabriz Tractor Manufacturing Company. The paper is structured as follows: Section
2 introduces fundamental definitions and assumptions. Section 3 presents the main distri-
butional properties of the proposed model. Section 4 extends the framework to multiple
independent positions. Section 5 provides numerical comparisons, evaluates the proposed
approximation method, and presents a real-data application.

2 Preliminaries and Definitions
Traditional approaches typically treat lifetime as a univariate random variable measured
under controlled conditions. However, real-world applications require a more nuanced
perspective. Let Y denote the laboratory lifetime, a non-negative random variable rep-
resenting the lifespan under ideal conditions. To incorporate environmental effects, we
introduce the environmental coefficient vector X = (X1, X2, . . . , Xn), where each com-
ponent Xi ≥ 0 represents the relative environmental impact on different aspects of the
component, satisfying

∑n
i=1Xi = 1.

Definition 2.1 (Real Lifetime). The real lifetime Z is defined as the component-wise
product of the environmental coefficient vector and the laboratory lifetime:

Z = XY = (X1Y,X2Y, . . . , XnY ). (2.1)

This formulation scales the ideal laboratory lifetime by environmental factors, producing
a vector whose components represent lifespans under different environmental conditions.
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For applications involving multiple stages or locations, we consider an aggregate mea-
sure.

Definition 2.2 (Aggregate Real Lifetime). Let X1,X2, . . . ,Xr be independent environ-
mental coefficient vectors and Y1, Y2, . . . , Yr be independent laboratory lifetimes, with
independence between the sequences. The aggregate real lifetime across r independent
positions is:

T =
r∑

i=1

XiYi. (2.2)

Throughout this paper, we assume parametric forms that are both flexible and math-
ematically tractable. Specifically, we assume that the environmental coefficient vector
X follows a Dirichlet distribution with parameters (α1, α2, . . . , αk), denoted as X ∼
Dir(α1, . . . , αk), and that the laboratory lifetime Y follows a Gamma distribution with
shape parameter α and scale parameter β, denoted as Y ∼ Gamma(α, β). The indepen-
dence of X and Y is a fundamental assumption throughout our analysis.

3 Distribution of the Real Lifetime
The joint distribution of the real lifetime vector Z = XY can be derived through a stan-
dard transformation technique. The following theorem presents the closed-form density.

Theorem 3.1. Let X ∼ Dir(α1, α2, . . . , αr) and Y ∼ Gamma(α, β) be independent. Then
the joint probability density function of Z = (Z1, Z2, . . . , Zr) is given by:

f(z1, . . . , zr) =
β−αΓ (

∑r
i=1 αi)

Γ(α)
∏r

i=1 Γ(αi)

(
r∑

i=1

zi

)α−
∑r

i=1 αi

exp

{
−
∑r

i=1 zi
β

} r∏
i=1

zαi−1
i , (3.1)

where zi > 0 for i = 1, 2, . . . , r.

Proof. Consider the transformation y =
∑r

i=1 zi and xi = zi/
∑r

i=1 zi for i = 1, . . . , r − 1.
The Jacobian of this transformation is |J | = (

∑r
i=1 zi)

−(r−1). The joint density of Z is
obtained by substituting the Gamma density of Y and the Dirichlet density of X into the
standard transformation formula:

fZ(z1, . . . , zr) = fY

(
r∑

i=1

zi

)
· fX

(
z1∑
zi
, . . . ,

zr∑
zi

)
· |J |.

Direct substitution and algebraic simplification yield the expression in (3.1).

A particularly elegant special case emerges when the shape parameter of the Gamma
distribution equals the sum of the Dirichlet parameters.

Corollary 3.2. If α =
∑r

i=1 αi, then the components Z1, Z2, . . . , Zr in (3.1) are mutually
independent, and each follows a Gamma distribution with shape parameter αi and scale
parameter β.
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Proof. When α =
∑
αi, the factor (

∑
zi)

α−
∑

αi reduces to 1, and the joint density fac-
torizes as

∏r
i=1

[
β−αiΓ(αi)

−1zαi−1
i e−zi/β

]
, which is the product of independent Gamma

densities.

The first two moments of this distribution are essential for practical applications and
can be derived using iterative expectation.

Theorem 3.3. For the real lifetime vector Z defined in Theorem 3.1, the marginal ex-
pectations and covariance structure are:

E(Zi) =
αi∑r
j=1 αj

· αβ, (3.2)

Var(Zi) =
αβ2αi

(
∑
αj)2

[
(α + 1)(αi + 1)− ααi(

∑
αj + 1)∑
αj

]
, (3.3)

Cov(Zi, Zj) =
ααiαjβ

2

(
∑
αk)2(

∑
αk + 1)

(
α + 1− α(

∑
αk + 1)∑
αk

)
, i 6= j. (3.4)

Proof. These results follow from the law of total expectation and the law of total variance.
Given the independence of Y and X, we have E(Zi) = E(Y Xi) = E(Y )E(Xi). The
moments of Gamma and Dirichlet distributions are well-known: E(Y ) = αβ, E(Y 2) =
α(α + 1)β2, E(Xi) = αi/

∑
αj, E(X2

i ) = αi(αi + 1)/[(
∑
αj)(

∑
αj + 1)], and for i 6=

j, E(XiXj) = αiαj/[(
∑
αj)(

∑
αj + 1)]. Substituting these expressions into E(Z2

i ) =
E(Y 2)E(X2

i ) and E(ZiZj) = E(Y 2)E(XiXj) yields the variance and covariance formulas
after algebraic simplification.

4 Extension to Multiple Independent Positions
When considering multiple independent positions or stages, the aggregate real lifetime
T =

∑r
i=1 XiYi becomes relevant. While the exact distribution of T is often mathemati-

cally complex, its moment properties remain accessible.

Theorem 4.1. Let X1,X2, . . . ,Xr be independent environmental coefficient vectors with
Xi ∼ Dir(αi1, αi2, . . . , αik), and let Y1, Y2, . . . , Yr be independent laboratory lifetimes with
Yi ∼ Gamma(αi, βi), independent of the Xi’s. Then the expectation of the product-moment
for the aggregate real lifetime T = (T1, T2, . . . , Tk) is:

E

(
k∏

j=1

T
sj
j

)
=

Γ(
∑r

i=1 αi + s)

Γ(
∑r

i=1 αi + h)

∑
h

[
r∏

i=1

Γ(αi + hi)

Γ(αi)

×
Γ(
∑k

j=1 αij)

Γ(
∑k

j=1 αij + hi)

k∏
j=1

Γ(αij + hij)

Γ(αij)

]
, (4.1)

where s =
∑k

j=1 sj, h =
∑r

i=1 hi, and the summation extends over all non-negative integer
matrices (hij) satisfying

∑k
j=1 hij = hi for each i and

∑r
i=1 hij = sj for each j.
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Proof. The proof relies on the independence structure and the properties of Gamma and
Dirichlet distributions. First, note that:

E

(
k∏

j=1

T
sj
j

)
= E

(
k∏

j=1

(
r∑

i=1

XijYi

)sj)

= E

((
r∑

i=1

Yi

)s k∏
j=1

(
r∑

i=1

Yi∑r
i=1 Yi

Xij

)sj)
.

The random variable
∑r

i=1 Yi follows a Gamma distribution with shape
∑
αi and is in-

dependent of the vector of normalized weights (Yi/
∑
Yi) by properties of the Gamma

distribution. The expectation factors into the product of the moment of
∑
Yi and the ex-

pectation involving the Dirichlet mixtures. The multinomial expansion of the product of
powers yields the combinatorial sum, and the moments of Dirichlet distributions provide
the remaining factors.

For practical purposes, the first moments of the aggregate lifetime are particularly
useful.

Theorem 4.2. Under the assumptions of Theorem 4.1, the mean vector and covariance
matrix of T are:

E(T) =
r∑

i=1

αiβiµi, (4.2)

Var(T) =
r∑

i=1

[
αiβ

2
i Σi + αiβ

2
i µiµ

′
i

]
, (4.3)

where µi = E(Xi) and Σi = Var(Xi) are the mean vector and covariance matrix of the
i-th Dirichlet distribution.

Proof. The result follows from the independence between different positions and the laws
of total expectation and total variance applied to each term separately.

5 Numerical Simulations and Real Data Analysis
In many practical applications, the exact distribution of the real lifetime may be too
complex for direct use. Approximation methods based on moment matching provide a
practical alternative. We evaluate the performance of such an approximation against
exact results in a simple bivariate setting.

Consider the case where U, V,W ∼ U [0, 1] independently, and define Z = UV/W . The
exact density of Z can be shown to be:

fZ(z) = −2 log
(
(1− z)(1−z)zz

)
, 0 < z < 1. (5.1)

Using moment matching, we approximate this distribution by a Beta distribution with
parameters p and q. The first two moments of Z are matched to those of a Beta(p, q)
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Figure 1: Exact density of Z from (5.1) (solid line) and the Beta approximation with
parameters p = 1.78, q = 1.71 (dashed line). The close agreement validates the approxi-
mation method.

distribution, yielding p = 1.78 and q = 1.71. This compares favorably with a previously
reported approximation of Beta(1.7, 1.7).

To quantitatively assess the goodness-of-fit, we computed Kolmogorov-Smirnov test
p-values for various parameter configurations of the underlying Dirichlet and Gamma
distributions. Table 1 summarizes these results.

Table 1: Kolmogorov-Smirnov goodness-of-fit p-values for the Beta approximation under
various parameter combinations.

(α1, α2) p q p-value
(1, 1) 1.78 1.71 0.50

(0.2, 0.3) 1.24 1.22 0.65
(1.75, 2) 2.12 2.01 0.79
(3, 5) 2.13 2.07 0.88
(7, 10) 2.21 2.24 0.70
(10, 20) 2.26 2.30 0.97

The consistently high p-values indicate that the Beta approximation provides an excel-
lent fit across a wide range of parameter values, supporting its use as a practical surrogate
for the exact distribution in applications where computational simplicity is desired.

5.1 Field Data Analysis from Tabriz Tractor Manufacturing Com-
pany

To address the need for real-world validation, we incorporate field lifetime data provided
by the Tabriz Tractor Manufacturing Company. The dataset reflects operational records
of a critical mechanical component under three representative environmental conditions
encountered in agricultural applications. While specific technical details are confidential
per company policy, the data consist of n = 150 observed lifetime vectors zi = (zi1, zi2, zi3),
where each entry corresponds to total service hours until failure under a distinct environ-
mental setting. Table 2 summarizes the descriptive statistics of the observed data.

Table 2: Descriptive statistics of the real lifetime data (in hours) under three environ-
mental conditions.

Statistic Condition 1 (Z1) Condition 2 (Z2) Condition 3 (Z3)
Sample Size (n) 150 150 150
Mean 1542 2109 1130
Std. Deviation 1246 1460 1057
Minimum 250 380 150
Maximum 4800 6500 3500
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Assuming the proposed model Z = XY with Y ∼ Gamma(α, β) and X ∼ Dir(α1, α2, α3),
we apply method-of-moments estimation. By equating the empirical mean vector z̄ =
(1542, 2109, 1130), the total mean s̄ = 4781, and the diagonal elements of the sample
covariance matrix (variances) to their theoretical counterparts derived in Theorem 3.3,
we obtain the following parameter estimates:

α̂ = 5.19, β̂ = 921, α̂X = (1.91, 2.59, 1.39).

The fitted model reproduces the observed means with negligible error (< 0.2%) and
captures the dispersion patterns accurately. Furthermore, a Kolmogorov–Smirnov test on
the normalized vectors zi/

∑3
j=1 zij confirms compatibility with the Dirichlet assumption

(p-value = 0.73). This analysis demonstrates that the Gamma–Dirichlet framework is not
only theoretically sound but also practically applicable to industrial reliability data.

6 Conclusion
This paper has introduced a statistical framework for modeling product lifespan under en-
vironmental conditions by defining the real lifetime as the product of a Gamma-distributed
laboratory lifetime and a Dirichlet-distributed environmental coefficient vector. We de-
rived the joint distribution of this product and established its key properties, including
moments and covariance structure. The model was extended to accommodate multiple
independent positions, with explicit expressions for product moments and aggregate mean
and variance.

For cases where exact distributions are mathematically intractable, we proposed an
approximation method based on moment matching. Numerical simulations demonstrated
that a Beta approximation provides excellent fit for a representative case, with Kolmogorov-
Smirnov tests confirming the accuracy across a range of parameter configurations.

The proposed framework offers a flexible tool for reliability analysis in fields such as
civil engineering, manufacturing, and project management, where environmental factors
significantly influence actual product performance—as demonstrated by our analysis of
field data from the Tabriz Tractor Manufacturing Company. Future work will focus
on direct multivariate approximation of the Dirichlet mixture and extensions to non-
parametric formulations.

References
[1] AbouRizk, S. M., Halpin, D. W. and Wilson, J. R. (1994), Fitting beta distributions

based on sample data, Journal of Construction Engineering and Management, 120,
288-305.

[2] Adamska, J., Bielak, L., Janczura, J. and Wylomanska, A. (2022), From
multi- to univariate: A product random variable with an application to electric-
ity market transactions: Pareto and Student’s t-distribution case, Mathematics,
doi.org/10.3390/math10183371.

94



[3] Alamatsaz, M. H. and Rezapour, M. (2014), Stochastic comparison of lifetimes of two
(n − k + 1)-out-of-n systems with heterogeneous dependent components, Journal of
Multivariate Analysis, 130, 240-251.

[4] Belassi, W. and Tukel, O. I. (1996), A new framework for determining critical suc-
cess/failure factors in projects, International Journal of Project Management, 14,
141-151.

[5] Hadad, H., Homei, H., Behzadi, M. and Farnoosh, R. (2021), Solving some stochastic
differential equations using Dirichlet distributions, Computational Methods for Differ-
ential Equations, 9(2), 393-398.

[6] Homei, H. (2021), The stochastic linear combination of Dirichlet distributions, Com-
munications in Statistics: Theory and Methods, 50(10), 2354-2359.

[7] Homei, H. and Nadarajah, S. (2018), On products and mixed sums of Gamma and Beta
random variables motivated by availability, Methodology and Computing in Applied
Probability, 20(2), 799-810.

[8] Homei, H., Nadarajah, S. and Taherkhani, A. (2022), Randomly weighted averages on
multivariate Dirichlet distributions with generalized parameters, REVSTAT Statistical
Journal, forthcoming (online: April 2023).

[9] Jiang, T. J., Dickey, J. M. and Kuo, K. L. (2004), A new multivariate transform and
the distribution of a random functional of a Ferguson Dirichlet process, Stochastic
Processes and Their Applications, 111(1), 77-95.

[10] Mansourvar, Z. and Asadi, M. (2020), An extension of the Cox-Czanner divergence
measure to residual lifetime distributions with applications, Statistics, 1-18.

[11] Nadarajah, S., Cordeiro, G. M. and Ortega, E. M. M. (2013), The approximate
Weibull distribution: A survey, Statistical Papers, 54, 839-877.

[12] Nadarajah, S. (2006a), Sums, products and ratios of generalized Beta variables, Sta-
tistical Papers, 47, 69-90.

[13] Nadarajah, S. (2006b), Exact and approximate distributions for the product of in-
verted Dirichlet components, Statistical Papers, 47, 551-568.

[14] Nadarajah, S. and Kotz, S. (2005), On the product and ratio of Gamma and Beta
random variables, Allgemeines Statistisches Archiv, 89(4), 435-449.

[15] Nadarajah, S. and Okorie, I. E. (2022), On the tail integral formulae for real-valued
random variables, The Mathematical Gazette, 106, 487-493.

[16] Nicholls, J. C. and Carswell, I. G. (2001), The behaviour of asphalt in adverse hot
weather conditions, Transport Research Laboratory

95



Maximum Varma entropy distribution with
conditional known Lorenz curve constraints

Imani, M. 1 Mohtashami Borzadaran, G. 2 Amini, M. 3 Khorashadizadeh, M. 4

1,2,3 Department of Statistics, Ferdowsi University of Mashhad, P. O. Box 1159, Mashhad
91775, Iran

4 Department of Statistics, Faculty of Mathematics and Statistics, University of Birjand,
Birjand, Iran

Abstract

The maximum entropy principle gives us a clear way to build probability dis-
tributions when we only have partial information. In this work, we develop such a
framework using Varma entropy, with constraints that are well-suited for economic
distribution analysis. More specifically, we derive the distribution by assuming
that the mean and a particular Lorenz curve are known. This allows us to embed
inequality information directly into the maximization process. As part of our esti-
mation, we also compute the corresponding Lagrange multipliers.
For the empirical part, we fit our proposed distribution to income data from two
different countries. To see how well it works, we compare its performance against
two standard benchmarks: the exponential and the Fréchet distributions. For this
comparison, we rely on common goodness-of-fit measures, namely the mean squared
error (MSE) and the mean absolute error (MAE). Our findings confirm that the
entropy-based distribution we propose is a strong candidate for modeling income
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data that show signs of inequality.

Keywords: Shannon Entropy, Varma Entropy, Maximum Entropy, Euler’s equa-
tion, Lorenz curve.

1 Introduction
The maximum entropy principle offers a straightforward way to derive probability dis-
tributions when we have only limited information about a system. This idea was first
introduced by [7]. It tells us that, out of all distributions that satisfy our known con-
straints, we should pick the one with the largest entropy. Why? Because that distribution
makes the fewest assumptions beyond what we already know—it is the least biased choice
we can make.
Thanks to this property, maximum entropy has found its way into many fields. It is now
commonly used in statistics, physics, information theory, and even economics. In partic-
ular, researchers often turn to it when studying how income and wealth are distributed
across populations.
Shannon entropy [19] is the classic starting point for maximum entropy methods. But
over time, researchers have proposed more general entropy measures to give us extra flex-
ibility when dealing with complex systems. One of these is the measure introduced by
[21], which is now known as Varma entropy.
What makes Varma entropy useful is that it includes many well-known entropy measures
as special cases—or as limiting cases, depending on the parameters we choose. This prop-
erty has attracted attention in both information theory and statistical inference (see, e.g.,
[10]; [16]). More importantly, because Varma entropy comes with adjustable parameters,
it gives us a broader framework for modeling the kinds of variation we often see in eco-
nomic data.

When we study economic inequality, the Lorenz curve [15] is one of the most impor-
tant tools we have. It shows us, in a simple graphical way, what share of total income or
wealth belongs to each portion of the population—from the poorest to the richest. This
curve also gives us the basis for many common inequality measures, especially the Gini
coefficient [4].
Since the Lorenz curve captures so much useful information about how income is dis-
tributed, it makes sense to include it as a constraint when we build entropy-based models.
Doing so lets us bring inequality information directly into the process of estimating the
distribution.
With this in mind, we develop a maximum entropy framework in this study. We use
Varma entropy and impose two key constraints: we fix the mean and we also fix the
Lorenz curve. From this, we obtain our proposed distribution. We then test it empir-
ically on income data from two countries. To see how well it performs, we compare it
against two standard benchmark distributions—the exponential and the Fréchet. For this
comparison, we use common goodness-of-fit measures like the mean squared error (MSE)
and the mean absolute error (MAE). These help us judge whether our entropy-based
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distribution is a good choice for modeling real income data.

2 Preliminaries
How well a maximum entropy distribution works depends heavily on how we define our
constraints. In this study, we build our distribution using two kinds of constraints. First,
we fix the first moment—that is, the mean of the distribution. Second, we impose values
for inequality curves at certain quantiles. Before we get into the details, let us go over
some basic ideas that underpin our approach.
We start with Shannon entropy. This is the classic measure of uncertainty, and it has
been used widely for modeling probability distributions. Next, we move on to Tsallis
entropy. This is a more general version of Shannon’s entropy—one that does not assume
the system behaves in a standard way. It gives us extra flexibility when we are dealing
with heavy-tailed distributions or long-range dependencies. These features, in fact, are
quite common in income and wealth data.
We then explain what we mean by moment constraints, focusing especially on the first
moment. The mean is a natural choice because it tells us where the center of the distri-
bution lies and helps us stay consistent with our observed data.
After that, we define the two inequality curves we use. The first is the Lorenz curve, which
has long been a standard tool in economics for measuring how concentrated income is.
The second is the Leimkuhler curve. This one adds extra structural information and gives
us a more complete picture of inequality.
These definitions not only clarify the terminology and assumptions employed in this study
but also establish the foundation for the formulation and solution of the optimization
problems developed in the subsequent sections.

Shannon entropy
Entropy is a foundational concept in information theory, measuring the uncertainty asso-
ciated with a random variable. [19] entropy, the most widely recognized form, is defined
for a continuous random variable X with probability density function (pdf) f

H(f) = −
∫ ∞

0

f(x) ln f(x)dx. (2.1)

Varma entropy
The concept was introduced in 1966 by [21] as a basis for generalizing the standard
statistical mechanics. For a random variable X with probability density function (pdf) f
is given by

Hα,β =
1

β − α
ln

[∫ ∞

−∞
(f(x))α+β−1 dx

]
. (2.2)
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Inequality measures (Lorenz Curve)
Inequality is typically analyzed using indicators derived from the distribution of income
or wealth. The Lorenz curve, introduced by [15], is a central tool in this context. For a
non-negative random variable X with cumulative distribution function CDF F and mean
E(X) = µ, the Lorenz curve is defined as:

LF (p) =
1

µ

∫ p

0

F−1(x)dx, 0 ≤ p ≤ 1, (2.3)

Here, F−1(x) = inf{t : F (t) > x} represents the quantile function. The Lorenz curve
L(p) depicts the cumulative income share held by the bottom 100p of the population. If
L(p) is twice differentiable, it satisfies the following conditions:

L(0) = 0, L(1) = 1, L′(0+) ≥ 0, L′′(p) ≥ 0, p ∈ (0, 1).

A key inequality measure is the Gini index [4], which quantifies the area between the
Lorenz curve and the line of perfect equality:

G(F ) = 2

∫ 1

0

[p− LF (p)]dp = 1− 2

∫ 1

0

LF (p)dp.

The Gini index lies within the unit interval [0, 1] where larger values correspond to higher
inequality.

2.1 The Lagrangian Functional Formulation
Among the most powerful techniques in the calculus of variations is the formulation of
problems through the Lagrangian functional. Consider the functional

L(y) =

∫ b

a

G (y(x), y′(x), x) dx, (2.4)

where G is assumed to be continuously differentiable with respect to all of its arguments.
The general solution to this class of variational problems is characterized by the following
theorem.

Theorem 2.1. The Euler–Lagrange equation, introduced by Euler and Lagrange in the
mid-18th century in connection with the tautochrone problem, provides a necessary con-
dition for optimality in variational problems. Let L(y) be a functional of the form (6),
defined on the set of admissible functions y(x) that are continuously differentiable on
the interval [a, b] and satisfy the boundary conditions y(a) = A and y(b) = B. Then, a
necessary condition for L(y) to attain an extremum at a given function y(x) is that y(x)
satisfies the Euler–Lagrange equation:*

∂G

∂y
− d

dx

∂G

∂y′
= 0. (2.5)
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In many optimization problems, the extremal function must also satisfy a set of ad-
ditional constraints. Suppose, for instance, that we aim to extremize the functional (6)
subject to the boundary conditions y(a) = A, y(b) = B, and the integral constraints∫ b

a

Ji (y(x), y
′(x), x) dx = li, i = 1, 2, · · · ,m,

where l1, l2, . . . , lm are prescribed constants. In such cases, a necessary condition for ex-
tremality is obtained by augmenting the functional with these constraints via appropriate
Lagrange multipliers.

3 Maximum Varma Entropy under the constraint on
Lorenz curve and the expectation of the random
variable

While moment constraints summarize certain statistical properties of a distribution, they
do not fully capture the structural characteristics of economic inequality. In contrast, the
Lorenz curve provides detailed information about the cumulative distribution of income
across the population and therefore represents a more informative constraint in inequality
analysis.
In this section, the maximum Varma entropy distribution is derived under the joint con-
straints of the Lorenz curve and the expectation of the random variable. Incorporating
the Lorenz curve into the entropy maximization framework allows the resulting distri-
bution to reflect the observed inequality structure while remaining consistent with the
mean of the distribution. This formulation provides a theoretically grounded approach
for constructing probability distributions that are compatible with empirical income dis-
tributions.
Suppose X is a non-negative random variable with density function f(x) and normaliza-
tion condition, ∫ ∞

−∞
f(x)dx = 1. (3.1)

The global mean constraint is of the form

E(X) =

∫ ∞

−∞
xf(x)dx = µ. (3.2)

Assuming the Lorenz curve is known, we have the constraints of tail probability and
expected shortfall. The tail probability is defined as

P (X ≤ F−1(p)) =

∫ F−1(p)

−∞
f(x)dx = ξ. (3.3)

The expected shortfall can be expressed as

E(X | X ≤ F−1(p)) =

∫ F−1(p)

−∞
xf(x)dx = ν. (3.4)
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We can rewrite formally the tail probability and expected shortfall as follows:

P (X ≤ F−1(p)) =

∫ ∞

−∞
gT (x)f(x)dx = ξ, (3.5)

and

E(X | X ≤ F−1(p)) =

∫ ∞

−∞
gC(x)f(x)dx = ν, (3.6)

where

gT (x) =

{
1 , x ≤ F−1(p),

0 , x > F−1(p),

gC(x) =

{
x , x ≤ F−1(p),

0 , x > F−1(p).
(3.7)

Jaynes’ maximum entropy principle express that, out of all possible distributions consis-
tent with the constraints, the optimal one has the maximum uncertainty. To maximize
the Varma entropy (2.2), we construct the Lagrangian

L =

∫ ∞

−∞
G(F (x), F ′(x), x)dx

=
1

β − α
ln

[∫ ∞

−∞
(f(x))α+β−1 dx

]
− λ0

∫ ∞

−∞
f(x)dx− λ1

∫ ∞

−∞
gT (x)f(x)dx

− λ2

∫ ∞

−∞
xf(x)dx− λ3

∫ ∞

−∞
gC(x)f(x)dx. (3.8)

The Lagrang equation will be maximized when its functional variation with respect to
the unknown probability density function f(x) is zero,

∂G

∂f
=

1

β − α

(α + β − 1) (f(x))α+β−2∫∞
0

(f(x))α+β−1 dx
− λ0 − λ1g

T (x)− λ2x− λ3g
C(x) = 0. (3.9)

And, with attend to situation in above, we obtain the probability density distribution
under the constraints

f(x) =
(
λ̄0 + λ̄1g

T (x) + λ̄2x+ λ̄3g
C(x)

) 1
α+β−2 . (3.10)

To proceed with the construction of the maximum entropy distribution, we now turn to
the explicit determination of the Lagrangian multipliers introduced earlier. These multi-
pliers are derived by incorporating the given constraints—such as the mean value and the
Lorenz curve condition—into the normalized form of the probability density function.
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λ̄2 =
{[(1− q) (µ− ν)− F−1(p) (1− ξ) (1− q)] (2− q)}

1−q
q

[− (1− q) (1− ξ)]
2−q
q

. (3.11)

For simplify, we get 1
λ̄2

(
λ̄0 + λ̄2F

−1(p)
)1−q

= P1 and 1

(λ̄2)
2

(
λ̄0 + λ̄2F

−1(p)
)2−q

= P2

λ̄3 =


[
ξF−1(p) (1− q)− µ (1− q) + F−1(p)P1 − 1

2−q
P2

]
(2− q)

[ξ (1− q)]
2−q
1−q


1−q
q

− λ̄2. (3.12)

And finally

λ̄1 =
[(
λ̄2 + λ̄3

)
ξ + (1− q)

] 1
1−q −

(
λ̄2 + λ̄3

)
F−1(p)− λ̄0. (3.13)

4 Applications
This section presents the empirical application of the derived maximum Varma entropy
distribution. Decile income data for Malaysia and Singapore for the year 1988, reported in
[2], are used. These datasets are frequently employed in the income distribution literature
and provide an appropriate basis for evaluating the performance of the proposed model.
The Lorenz curve is used to describe the proportion of total income held by the bottom
p fraction of the population. In particular, the analysis focuses on the lower quantile
p = 0.1, representing the income share of the poorest 10% of the population. Using this
information, the maximum Varma entropy distribution derived under the constraints of
the known mean and Lorenz curve is fitted to the data for both countries.
In addition to the proposed distribution, the exponential distribution is considered as
a benchmark model. Furthermore, the three-parameter Fréchet distribution suggested
by the R software is also fitted to the data and its adequacy is confirmed using the
KolmogorovSmirnov(K − S) test. For all models, the mean squared error (MSE) and
mean absolute error (MAE) are calculated. The results are reported in Table (1). Ta-

Table 1: MSE and MAE   for the maximum entropy distribution and exponential distri-
bution

Maximum entropy distribution Exponential distribution Fréchet distribution
Country MSE MAE MSE MAE MSE MAE

Singapore 0.02 0.12 0.28 0.39 2.93 0.79
Malazaya 0.05 0.23 0.29 0.49 >10 >10

ble (1) shows that the maximum Varma entropy distribution provides smaller MSE and
MAE values compared with both the exponential and Fréchet distributions for Malaysia
and Singapore. In particular, the improvement is more pronounced for Malaysia, where
the Fréchet distribution yields very large error values, while the proposed model maintains
relatively small errors. For Singapore, the maximum entropy distribution also achieves
the lowest MSE and MAE values among the competing models.
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These results indicate that incorporating the Lorenz curve together with the mean con-
straint within the Varma entropy framework leads to a distribution that better represents
the observed income data. The proposed approach therefore provides an effective alter-
native for modeling income distributions characterized by inequality.

Discussion and Conclusion
In this study, a maximum entropy framework based on Varma entropy was developed
under the constraints of the known mean and the Lorenz curve. By incorporating these
economically meaningful constraints into the entropy maximization problem, the resulting
distribution directly reflects both the average level and the inequality structure of income
data.
The empirical analysis, based on decile income data for Malaysia and Singapore reported
in [2], demonstrates that the proposed maximum Varma entropy distribution provides
smaller MSE and MAE values compared with the exponential and Fréchet distributions.
In particular, the improvement is more pronounced for Malaysia, where the Fréchet dis-
tribution yields very large error values, while the proposed model maintains relatively
small errors. For Singapore, the maximum entropy distribution also achieves the lowest
error values among the competing models.
These findings indicate that incorporating the Lorenz curve together with the mean con-
straint within the Varma entropy framework improves the ability of the model to represent
empirical income distributions. The results also show that the proposed distribution per-
forms consistently well across the two datasets considered.
Overall, the maximum Varma entropy approach provides an effective alternative for mod-
eling income distributions characterized by inequality. The framework developed in this
study demonstrates that embedding inequality information directly into the entropy max-
imization process can lead to improved empirical performance.
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This paper deals with the inference of the multicomponent stress–strength re-
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1 Introduction
In reliability theory, the stress–strength model is widely used to assess system reliability
and is defined by R = P (X ≥ Y ), where X represents the random strength and Y denotes
the random stress. The system fails when the applied stress exceeds the strength.

Birnbaum and McCarty (1958) [3] studied the statistical properties of this model.
Since then, various researchers have investigated different statistical distributions under
this framework, and the problem of estimating R has been discussed extensively in the
literature. For related and recent references, see Gunsekera (2015) [6], Wang (2018) [9],
Bai et al. (2019) [1], and Xavier and Jose (2021) [10]; see also Bhattacharyya and Johnson
(1974) [2].

Multicomponent stress–strength (MSS) models arise in many practical contexts, in-
cluding industrial systems and communication networks.

Suppose a system contains k identical and independent strength components and
operates when at least s (1 ≤ s ≤ k) of the components withstand a common stress.
Assume that X1, X2, . . . , Xk are independent random variables with common distribution
function F (·), and let Y denote the common stress with distribution function G(·). Then
the system reliability Rs,k, which represents the probability that the system does not fail,
is given by (see Bhattacharyya and Johnson, 1974) [2]

Rs,k =
k∑

i=s

(
k

i

)∫ +∞

−∞
(1− F (y))iF k−i(y) dG(y). (1.1)

The Topp–Leone (TL) distribution, proposed by Topp and Leone (1955) [8], is an impor-
tant lifetime distribution useful for modeling data with bounded support. The probability
density function (pdf) and the cumulative distribution function (cdf) of the TL distribu-
tion are given by

f(x, α) = 2α(1− x) [x(2− x)]α−1, 0 < x < 1, α > 0, (1.2)
and

F (x, α) = [x(2− x)]α, 0 < x < 1, α > 0, (1.3)
where α is the shape parameter.

Record values and the inferences are great of importance in different fields such as
sports, medical life testing, and financial analysis. Chandler (1952) [4] first introduced
the theory of records.
Let {Xi, i ≥ 1} be a sequence of independent and identically distributed (i.i.d.) ran-
dom variables with an absolutely continuous cumulative distribution function F (x) and
probability density function f(x).

An observation Xj is called a lower record if its value precedes all previous observa-
tions, that is, Xj is a lower record if Xj < Xi for every i < j.
Let U1, . . . , Un be n lower records, and let u1, . . . , un denote the observed values of
U1, . . . , Un, respectively.

The probability joint density function of U = (U1, U2, ..., Un) is given by

fU(u1, u2, . . . , un) =
n−1∏
i=1

f(ui)

F (ui)
f(un), −∞ < un < · · · < u2 < u1 <∞. (1.4)
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In this study, we focus on the estimation of the MSS reliability Rs,k defined in (2.1). The
remainder of the paper is organized as follows:
In Section 2, maximum likelihood (ML) estimators are employed to derive the asymptotic
distribution and confidence intervals of Rs,k. Additionally, percentile bootstrap (boot-p)
and bootstrap-t (boot-t) confidence intervals are constructed Section 3.1.

Section 3 is devoted to the Bayesian estimation of Rs,k under the assumption of dif-
ferent shape parameters α1 and α2. Bayesian estimates are obtained using Markov Chain
Monte Carlo (MCMC) methods, specifically Gibbs sampling, and the corresponding high-
est posterior density (HPD) credible intervals are constructed.

In Section 4.1, an extensive Monte Carlo simulation study is performed to compare
the performance of the various estimators. In Section 6, a real-life example is analyzed to
illustrate the practical application of the proposed methods. Finally, concluding remarks
are presented in the last section.

2 Maximum likelihood estimation of Rs,k

Let X1, X2, . . . , Xk be a random sample from the TL distribution with parameter α1,
and let Y be a random variable from the TL distribution with parameter α2. Then the
reliability of the MSS model is computed as follows

Rs,k =
k∑

i=s

(
k
i

)∫ 1

0

[1− (x(2− x))α1 ]i[x(2− x)α1 ]k−i2α2(1− x)(x(2− x))α2−1dx

= ρ
k∑

i=s

k!

(k − i)!

[ i∏
j=0

(k + ρ− j)

]−1

, (2.1)

where ρ = α2

α1
.

In order to derive the ML estimator of α1 and α2, let u = (u1, u2, . . . , un) be the first
n lower record values from TL(α1), and let v = (v1, v2, . . . , vm) be the first m lower record
values from TL(α2), independent of u.
Therefore, the joint log-likelihood function of the observed u and v is as follows:

L(α1, α2) = (n+ 1) lnα1 + (m+ 1) lnα2 + (α1 − 1) ln(un(2− un))

+ (α2 − 1) ln(vm(2− vm)) + ln(1 + un) +
n∑

i=1

ln
(1− ui)

ui(2− ui)

+ ln(1 + vm) +
m∑
j=1

ln
(1− vj)

vj(2− vj)
. (2.2)

In result

α̂1 =
n+ 1

− ln[un(2− un)]
, (2.3)

α̂2 =
m+ 1

− ln[vm(2− vm)]
. (2.4)
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Hence, the ML estimator of Rs,k, denoted by R̂s,k is obtained by using (2.2) as follows:

R̂s,k = ρ̂
k∑

i=s

k!

(k − i)!

[ i∏
j=0

(k + ρ̂− j)

]−1

, (2.5)

where ρ̂ = α̂2

α̂1
.

3 Asymptotic confidenceinterval
The asymptotic variance (AV) of the estimate of Rs,k is given in Hassan and Basheikh
(2015) [7] as:

V (R̂s,k) = σ11

(
∂R̂s,k

∂α̂1

)2

+ σ22

(
∂R̂s,k

∂α̂2

)2

(3.1)

where the asymptotic variances (AV) of α̂1 and α̂2 are calculated from the Fisher infor-
mation as given below:

σ11 =

[
E(−∂ lnL

∂α2
1

)

]−1∣∣∣∣
α̂1

=
α̂1

2

n+ 1
(3.2)

σ22 =

[
E(−∂ lnL

∂α2
2

)

]−1∣∣∣∣
α̂2

=
α̂2

2

m+ 1
(3.3)

Therefore, an asymptotic 100(1− α)% confidence interval of R̂s,k for both (s, k) = (1, 3),
(2, 4) is given by:

Rs,k ∈ R̂s,k ± Z1−α
2

√
V (R̂s,k). (3.4)

3.1 Percentile Bootstrap (Boot-p) interval:
This method uses distribution function as a tool for obtaining the percentiles of any
sample. Let G(x) = p(R∗

s,k ≤ x) be the distribution function of Bootstrap samples of Rs,k

for a given x. Then 100(1-β)% confidence interval of Rs,k is(
G−1

(
β

2

)
, G−1

(
1− β

2

))
,

where G−1(t) is the solution of G(x) = t.

3.2 Bootstrap (Boot-t) interval:
Let

T ∗
b =

Rb∗
s,k − R̂√
v̂ar(Rb∗

s,k)
, b = 1, 2, . . . , B,
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where
√
v̂ar(Rb∗

s,k) is an estimate of standard error of Rb∗
s,k. For a large sample size,√

v̂ar(Rb∗
s,k) can be replaced by the asymptotic standard error ϑ̂∗.If T(x)= p(T ∗

b ≤ x)

denote the distribution function of T ∗
b , then 100(1-β)% confidence interval of Rs,k is

given by (
R̂− t∗

1−β
2

ϑ̂∗, R̂− t∗β
2

ϑ̂∗
)
,

where t∗q denote the qth quantile of T ∗
1 , T

∗
2 , . . . , T

∗
B.

4 Bayesian estimation of Rs,k

In this section, we assume that the parameters α1 and α2 are unknown and have inde-
pendent gamma prior distributions with parameters (a1, b1) and (a2, b2).

Then, the joint prior density function of α1 and α2 can be written as:

π(α1, α2) = π(α1) · π(α2)

=
1

Γ(a1)Γ(a2)
α1

a1−1α2
a2−1e−b1α1−b2α2

(4.1)

where a1, a2, b1, b2 > 0 and Γ(.) is Gamma function.
Thus, we can write the posterior density function of α1 and α2 as:

π∗(α1, α2|u, v) =
π(α1, α2, u, v)∫∞

0

∫∞
0
π(α1, α2|u, v) dα1dα2

∝

αa1+n
1 αa2+m

2 e−b1α1−b2α2 [un(2− un)]
α1−1[vm(2− vm)]

α2−1.

(4.2)

Then the Bayesian estimator of Rs,k under squared error loss function is obtained as
follows:

R̃s,k =

∫ ∞

0

∫ ∞

0

Rs,kπ
∗(α1, α2|u, v)dα1dα2. (4.3)

Obviously, the posterior density function π∗(α1, α2|u, v)has a complex form. Therefore,
the Monte Carlo technique is used to approximate these integrations.

4.1 Markov chain Monte Carlo methode
The MCMC technique is a powerful tool for obtaining approximate Bayes estimators
of Rs,k and the corresponding credible intervals. This method is based on the idea of
generating posterior samples of parameters of interest form their posterior conditional
density functions.

The posterior conditional density functions of α1 and α2 can be written as follows
(using (4.3)):

π∗
1(α1|u) ∝ αa1+n

1 e−b1α1 [un(2− un)]
α1−1 (4.4)

π∗
2(α2|v) ∝ αa2+m

2 e−b2α2 [vm(2− vm)]
α2−1 (4.5)

Obviously, the forms in (4.4) and (4.5) can not be recognized as standard density functions.
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So we use the Metropolis–Hastings algorithm with a proposal density of normal dis-
tribution as suggested by Gelman et al. (2013) [5].

The steps of the M–H algorithm are described as follows:

Figure 1: The posterior of α1 when α1 = 2, s = 1, k = 3 and n = 20

1. Initialize a starting parameter value R0
s,k and determine the number of samples N .

2. For i = 2 to N , set Rs,k = Ri−1
s,k

3. Generate U from uniform (0, 1).

4. Draw a candidate parameter R∗
s,k from the proposed density.

5. If u ≤ π(θ∗)g(θ|θ∗)
π(θ)g(θ∗|θ)

then set Ri
s,k = R∗

s,k otherwise set Ri
s,k = Rs,k

6. Set i = i+ 1 and return to step 2, repeating the previous steps N times.

5 Simulation study
In this section, a simulation study is conducted to evaluate the performances of the various
estimators derived in this article.

We perform an extensive Monte Carlo simulation study to compare the classical and
Bayesian methods to estimate Rs,k under lower record values.
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The values of α1 and α2 are selected as:

(0.5, 2), (1, 2), (3, 2), (2, 0.5), (2, 1) and (2, 3).

The true values of reliability in multicomponent stress-strength with given α1, α2 for
(s, k) = (1, 3) are 0.4286, 0.6, 0.8182, 0.9231.0.8571 and 0.6667. For (s, k) = (2, 4) are
0.2143, 0.4, 0.7013, 0.8688, 0.7619, 0.4848. And different choice of sample sizes as (n,m)
are:

(5, 5), (5, 10), (10, 5), (10, 10), (10, 15), (15, 10), and (15, 15)

1. The biases and MSEs of the ML estimates and Bayesian estimates based on Gibbs
sampling, have negligible values.

2. The ML estimates obtained based on large sample sizes n and m have smaller MSEs
as we expected similar advantages and improvements for Bayes estimates under both
Prior I and Prior II.

3. In view of MSEs, the Bayesian estimates of Rs,k based on Gibbs sampling perform
better than the ML estimates in most settings of (α1,α2) and (s, k), and we observed
that Prior II is better than Prior I by comparing ABs and MSEs in Table 1.

6 Conclusions
In this paper, by using lower record values and the Topp–Leone distribution, we obtained
the ML and Bayes estimators of the reliability in the multicomponent stress–strength
model. Also, the asymptotic, boot-P, boot-t confidence intervals, and Bayesian credible
intervals have been constructed. MCMC techniques were used for computation purposes,
since Bayes estimates were not obtained in closed form. The Monte Carlo simulation
results showed that the Bayes estimates under informative priors using Gibbs sampling
perform better than ML estimates. In future work, we may explore the performance under
upper record values.
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Design of an Modified Exponentially Weighted
Moving Average Control Chart
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Abstract

The production of high quality products requires the use of statistical quality
control tools, especially control charts. These tools allow for accurate monitoring
of production processes and rapid identification of changes. In this study, assuming
the normality of quality characteristics, we design hybrid control charts that are
obtained by combining moving average, exponentially weighted moving average,
and Modified exponentially weighted moving average control charts. The perfor-
mance of these charts has been evaluated using a probabilistic method for different
parameters. The results show that the proposed control chart performs better than
the existing control charts in identifying small changes.

Keywords: Statistical quality control, Control chart, Exponentially weighted
moving average, Average run length.

1 Introduction
Monitoring and controlling processes have long been considered one of the fundamental
pillars of quality improvement and productivity enhancement in various systems. The
importance of this issue arises from the fact that timely detection of deviations and

1Speaker. n_moradi_stu@birjandut.ac.ir
2salehi@birjandut.ac.ir
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changes in processes plays a decisive role in reducing costs and improving performance.
In this regard, numerous statistical methods have been developed and expanded across
various fields such as industry, business, healthcare, environment, and engineering, each
of which has its own specific applications in process monitoring.

Among these methods, control charts are recognized as one of the most important
tools of Statistical Process Control (SPC) and are widely used to control and optimize
production processes. The first step in this area was taken by Shewhart [1], resulting
in the introduction of the Shewhart control chart. Although this chart exhibits high
performance in detecting large shifts in the process mean, it faces limitations in detecting
small to moderate shifts. This limitation motivated researchers to develop control charts
with greater capability in detecting small to moderate shifts. Among the most significant
of these efforts are the Cumulative Sum (CUSUM) control chart proposed by Page [2], the
Exponentially Weighted Moving Average (EWMA) control chart introduced by Roberts
[3], and the Moving Average (MA) control chart proposed by Khoo [4]. Subsequently,
Patel and Divecha [6] took another step toward improving the performance of control
charts by introducing the Modified Exponentially Weighted Moving Average (MEWMA)
control chart.

In line with these studies, hybrid control charts have gained attention from researchers
as a new approach. The first hybrid control chart was proposed by Lucas [7] by com-
bining the Shewhart and CUSUM control charts. Subsequently, Lucas and Saccucci [8]
introduced the Shewhart-EWMA control chart by combining the Shewhart and EWMA
control charts. The simultaneous benefit of detecting both small and large shifts in this
chart has improved process monitoring efficiency.

The Double Moving Average (DMA) control chart was introduced by Khoo and Wong
[5]. They showed that under the assumption of normality of the quality characteristic,
the DMA control chart performs better than the CUSUM and EWMA control charts.
Khan et al. [9] also found that for an exponential quality characteristic, the EWMA
control chart based on the moving average is more efficient than the MA and EWMA
control charts. Subsequently, the DMA control chart based on the EWMA statistic for
an exponential quality characteristic was introduced by Aslam et al. [10]. The obtained
results indicate that this control chart performs more appropriately in detecting small
shifts.

In a study, Tabouran and Sukparungsee [13] designed the hybrid EWMA-DMA control
chart for normal and non-normal quality characteristics. Using real data, this study
demonstrates that the EWMA-DMA chart performs better than other control charts in
detecting small shifts. The hybrid Shewhart-EWMA control chart based on the sign
statistic, proposed by Shanshool et al. [16], is used to detect shifts in the process mean
and variance. The results indicate that this hybrid chart improves the ability to detect
process shifts with sensitivity to both small and large changes by creating a balance
between the performance of the Shewhart and EWMA charts.

The hybrid Modified Exponentially Weighted Moving Average - Moving Average (MMEM)
control chart for monitoring changes in the process mean was proposed by Talordphop et
al. [14]. The results based on Monte Carlo simulation for normal and non-normal quality
characteristic distributions, as well as an application to real data (chemical process tem-
perature and survival of cancer patients), showed that this chart performs better than

116



other control charts in detecting small to moderate shifts. Subsequently, a new hybrid
control chart called the Exponentially Weighted Moving Average - Modified Exponen-
tially Weighted Moving Average (MEME) was proposed by Talordphop et al. [15], which
is designed to monitor and quickly detect small to moderate shifts in the process mean.
Monte Carlo simulation results and practical applications showed that this control chart
has better performance for small to moderate shifts.

In this paper, the design of a new hybrid control chart is investigated under the
condition that the quality characteristic follows a normal distribution. The structure of the
paper is as follows: Section 2 is explained the control charts presented in existing studies;
meanwhile, in this section, a new proposed control chart is introduced and examined.
The performance of the proposed control chart compared to other existing control charts
is evaluated based on the probability approach in Section 3. In Section 4, we evaluate
the performance of the existing control charts against our proposed control chart using a
numerical example with simulated data. Finally, the findings of this paper are summarized
and presented in Section 5.

2 Control Charts
In this section, existing control charts including MA, EWMA, MEWMA, MMEM, and
MEME are reviewed. Subsequently, a new proposed control chart will be introduced.

First, the design of the MA control chart is examined. The MA control chart is a
type of weighted average control chart used for processes with subgroup data. Assume
that the quality characteristic follows a normal distribution with mean µ0 and variance
σ2. Let

X̄i = (Xi1 +Xi2 + . . .+Xin)/n,

be the mean of the ith subgroup of size n. Then, the MA statistic with width w at the
ith stage is calculated as follows (Montgomery [11]):

MAi =
X̄i + X̄i−1 + · · ·+ X̄i−w+1

w
. (2.1)

The control limits for the MA chart are obtained as:

UCL/LCL =


µ0 ±H

σx̄√
i
, i < w;

µ0 ±H
σx̄√
w
, i ≥ w,

(2.2)

where H is the control constant of the MA chart and σx̄ =
σ√
n

.
Next, the EWMA control chart is examined. The EWMA control chart was introduced

by Roberts [3] and is suitable for detecting small shifts in the process. This chart is based
on the following statistic:

Zi = λX̄i + (1− λ)Zi−1, i = 1, 2, . . . , (2.3)
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where 0 < λ ≤ 1 is a constant, Z0 = µ0 and X̄i is the mean of the quality characteristic
at time i. Assuming that the observations are independent and normally distributed, the
control limits for the EWMA chart are calculated as:

UCL/LCL = µ0 ±H σx̄

√(
λ

2− λ

)
, (2.4)

where H is the control constant of the EWMA chart.
In the following, the MEWMA control chart proposed by Khan et al. [9] is introduced.

Suppose that the observation Xi at time i follows a normal distribution. The MEWMA
statistic is defined as:

Mi = λXi + (1− λ)Mi−1 + k(Xi −Xi−1), i = 1, 2, . . . , (2.5)

where Mi denotes the MEWMA statistic at time i, 0 < λ ≤ 1 is a constant, and k is set
to −λ

2
in this paper. The control limits for the MEWMA chart are derived as follows:

UCL/LCL = µ0 ±H σx̄

√
λ+ 2λk + 2k2

2− λ
, (2.6)

where H is the control constant of the MEWMA chart.
We explain the hybrid MMEM control chart, which is a combination of the MEWMA

and MA control charts in the following. This control chart was proposed by Talordphop
et al. [14] and is suitable for detecting small shifts in the process. The statistic of the
MMEM control chart is defined as:

Si = λMAi + (1− λ)Si−1 + k(MAi −MAi−1), i = 1, 2, . . . , (2.7)

where MAi is obtained from equation (2.1), 0 < λ ≤ 1 is a constant, and k = −λ
2
.

Therefore, the control limits of the MMEM chart are obtained as follows:

UCL/LCL = µ0 ±H

√(
σ2
x̄

w

)(
λ+ 2λk + 2k2

2− λ

)
, (2.8)

where H is the control constant of the MMEM chart.
Next, the MEME control chart proposed by Talordphop et al. [15] is presented. This

control chart is a hybrid of the EWMA and MEWMA control charts. The statistic of the
MEME control chart is defined as:

Ai = λMi + (1− λ)Ai−1, i = 1, 2, . . . , (2.9)

where Mi is the MEWMA statistic. Therefore, the control limits of the MEME chart are
calculated as:

UCL/LCL = µ0 ±H σx̄

√(
λ+ 2λk + 2k2

2− λ

)(
λ

2− λ

)
, (2.10)

where H is the control constant of the MEME chart.

118



As follow, the proposed hybrid control chart, called MAMEE, is introduced. This
chart is a combination of the MA, MEWMA, and EWMA control charts. It is based on
the following statistic:

Di = λSi + (1− λ)Di−1, i = 1, 2, . . . , (2.11)

where Si is obtained from equation (2.7) and 0 < λ ≤ 1 is a constant.
Decision-making is performed by comparing each control chart’s statistic with its own
control limits. If the statistic falls between these limits, the process is considered in-
control; otherwise, the process is deemed out-of-control and corrective action is required.
To determine these limits, the mean and variance of the Di statistic are first calculated
under the in-control condition (assuming a mean of µ0 for the data). The expectation
and variance of the control chart are obtained as follows:

E(Di) = µ0, Var(Di) =
σ2
x̄

w

(
λ

2− λ

)(
λ+ 2λk + 2k2

2− λ

)
,

where k = −λ
2
. The control limits of the MAMEE chart are calculated as:

UCL/LCL = µ0 ±H

√(
σ2
x̄

w

)(
λ

2− λ

)(
λ+ 2λk + 2k2

2− λ

)
. (2.12)

The control constant H is determined based on the allowable Type I error or in-control
average run length (ARL0). The probability of correctly identifying the in-control process
when the mean is µ0 is:

P 0
in = P (LCL ≤ Di ≤ UCL|µ0) = Φ(H)− Φ(−H) = 2Φ(H)− 1. (2.13)

The ARL0 depends on the constant H and is calculated as:

ARL0 =
1

1− P 0
in

. (2.14)

If the process shifts to µ1 = µ0 + cσ, the probability of incorrectly identifying the shifted
process as in-control is:

P 1
in = P (LCL ≤ Di ≤ UCL|µ1).

Assume that the process shifts from µ0 to µ1 = µ0+ cσ. After calculating the expectation
and variance of the statistic Di, the probability that the shifted process is detected as
in-control is P 1

in = P (LCL ≤ Di ≤ UCL|µ1), which can be calculated based on the
cumulative distribution function of the standard normal distribution. The out-of-control
average run length for the shifted process is ARL1 =

1
1−P 1

in
.

3 Performance Evaluation of Control Charts
To properly evaluate the efficiency of control charts, a suitable and reliable criterion is
needed. Therefore, the performance of the control charts in this paper is evaluated based
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on the ARL criterion, which is the most widely used index for evaluating control charts
(Montgomery [11]).

Table 1 presents the ARL1 values for different values of widths w = (5, 4, 3), constants
λ = (0.08, 0.15, 0.25), shift sizes c = (0, 0.5) for ARL0 = 370 and sample size n = 1 for
the proposed control chart. For ARL0 = 370, the control constant H = 2.9997, and
for ARL0 = 300, H = 2.9352 is determined. According to the data in these table, it is
observed that smaller values of the constant λ detect process changes faster than larger
values. Additionally, increasing the width w leads to faster detection of process changes.
For example, when ARL0 = 370, λ = 0.1, and c = 0.01, for w = 3, ARL1 = 20.7, and
for w = 4, ARL1 = 9.2. To better understand this, the data from Table 1 are plotted in
Figure 1, showing that appropriate parameter selection has a significant effect on reducing
ARL1 and consequently increasing the speed of detecting process changes.

Next, we intend to compare the performance of the proposed control chart with exist-
ing control charts. These comparisons are based on the probability approach, assuming
that the data come from a normal distribution with parameters µ0 = 0 and σ2 = 1,
as shown in Table 2 and 3. These comparisons were performed for different values of
λ = 0.25, w = (5, 4), and n = 1.

The results in Table 2 and 3 show that for small shifts (e.g., c = 0.001 to c = 0.01),
there is little difference between the control charts, and all have ARL1 values close to 370.
However, as the shift size increases, the performance of the control charts, especially the
proposed MAMEE control chart, becomes more prominent in reducing ARL1 compared
to other control charts.

For shifts of c = 0.5 and more, the MAMEE control chart has the lowest ARL1

values, indicating its high sensitivity to shifts. For example, for c = 0.5 with w = 4,
the ARL1 value for the MAMEE control chart is 1.00, while for the MA control chart
it is approximately 43.86, for the EWMA control chart approximately 21.37, and for the
MEWMA control chart approximately 17.72. This pattern is similar for w = 5. Hence,
as the parameter w increases, the performance of the proposed control chart improves.

Furthermore, the comparison between w = 4 and w = 5 shows that, in general,
increasing w reduces ARL1 for all control charts, but this reduction is more noticeable
for the proposed MAMEE control chart. For example, at c = 0.1 with w = 4, the ARL1

value for the proposed MAMEE control chart is 15.06, which decreases to 10.83 when
w = 5.

Overall, the results indicate that the proposed MAMEE control chart performs better
than other existing control charts in detecting small shifts more quickly.

4 Numerical Example
In this section, the performance of the proposed control chart is evaluated using a numeri-
cal example consisting of 40 samples of size three (n = 3), the data of which are presented
in Table 4. The first 20 samples in this table are in-control conditions following a stan-
dard normal distribution (µ0 = 0, σ2 = 1). In contrast, for the next 20 samples (samples
21 to 40), a shift of 0.1σ is applied to the mean to simulate out-of-control conditions.
To evaluate the performance of the control charts, the values ARL0 = 370, w = 3, and

120



Table 1: The ARL1 values of the proposed MAMEE control chart when ARL0 = 370
Shift
(c)

w = 3 w = 4 w = 5
λ = 0.08 λ = 0.15 λ = 0.25 λ = 0.08 λ = 0.15 λ = 0.25 λ = 0.08 λ = 0.15 λ = 0.25

0 370.03 370.03 370.03 370.03 370.03 370.03 370.03 370.03 370.03

0.001 366.78 369.14 369.73 365.71 368.84 369.63 364.64 368.54 369.52

0.005 301.68 348.73 362.52 283.70 342.11 360.08 267.53 335.71 357.66

0.008 231.27 319.57 351.33 203.92 305.40 345.47 181.69 292.30 339.78

0.01 188.17 296.29 341.54 159.19 277.27 332.91 137.02 260.31 324.65

0.015 108.76 234.65 311.05 84.35 207.55 294.98 67.73 185.42 280.33

0.02 63.33 178.93 275.73 46.02 149.98 253.28 35.14 128.12 233.84

0.03 23.75 100.63 205.46 15.87 77.24 176.77 11.43 61.52 154.29

0.04 10.38 57.39 147.85 6.70 41.27 119.98 4.78 31.27 99.85

0.05 5.27 33.95 105.51 3.44 23.27 81.50 2.52 17.04 65.23

0.07 2.05 13.47 54.80 1.50 8.76 39.23 1.25 6.23 29.62

0.09 1.26 6.31 29.94 1.09 4.09 20.32 1.03 2.96 14.79

0.1 1.12 4.58 22.60 1.03 3.01 15.06 1.01 2.24 10.83

0.25 1.00 1.00 1.01 1.00 1.00 1.00 1.00 1.00 1.00

0.5 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

Figure 1: ARL1 curves of the proposed MAMEE control chart for different values of parameters µ0 = 0,
σ2 = 1, ARL0 = 370, w = 3, and λ = 0.25.

λ = 0.25 are considered. As observed in Figure 2, in response to the applied shift, the
MA, EWMA, and MEWMA control charts were unable to detect it and all reported an
in-control status. In contrast, the proposed MAMEE control chart demonstrated better
performance. This chart successfully detected the shift in the process at sample 31 and is-
sued an out-of-control signal; whereas the MMEM and MEME control charts detected this
shift at samples 33 and 32, respectively. This result indicates that the proposed MAMEE
control chart has higher sensitivity for detecting shifts in the process mean compared to
other control charts under study, and is capable of detecting these shifts earlier. Given
this feature, the MAMEE control chart can be used as an efficient and sensitive tool in
quality control systems.
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Table 2: ARL1 values for the proposed MAMEE control chart with existing control charts for parameters
ARL0 = 370, w = 4, and λ = 0.25.

Shift
(c)

w = 4, λ = 0.25
MA EWMA MEWMA MMEM MEME MAMEE

0 370.03 370.03 370.03 370.03 370.03 370.03

0.001 370.03 370.02 370.02 369.98 369.93 369.63

0.005 369.85 369.72 369.67 368.58 367.50 360.08

0.008 369.57 369.22 369.10 366.34 363.61 345.47

0.01 369.31 368.76 368.58 364.28 360.08 332.91

0.015 368.40 367.18 366.78 357.32 348.29 294.98

0.02 367.14 364.99 364.28 347.96 332.91 253.28

0.03 363.58 358.87 357.32 323.50 294.98 176.77

0.04 358.69 350.59 347.96 294.01 253.28 119.98

0.05 352.59 340.44 336.56 262.49 212.94 81.50

0.07 337.18 315.79 309.19 201.89 145.80 39.23

0.09 318.41 287.49 278.34 151.48 98.78 20.32

0.1 308.13 272.74 262.49 130.76 81.50 15.06

0.25 155.09 101.91 90.57 17.72 7.72 1.30

0.5 43.86 21.37 17.72 2.31 1.30 1.00

0.75 14.96 6.45 5.27 1.12 1.00 1.00

1 6.30 2.76 2.31 1.00 1.00 1.00

1.25 3.24 1.61 1.42 1.00 1.00 1.00

1.5 2.00 1.20 1.12 1.00 1.00 1.00

Table 3: ARL1 values for the proposed MAMEE control chart with existing control charts for parameters
ARL0 = 370, w = 5, and λ = 0.25.

Shift
(c)

w = 5, λ = 0.25
MA EWMA MEWMA MMEM MEME MAMEE

0 370.03 370.03 370.03 370.03 370.03 370.03

0.001 370.02 370.02 370.02 369.96 369.93 369.52

0.005 369.81 369.72 369.67 368.22 367.50 357.66

0.008 369.45 369.22 369.10 365.42 363.61 339.78

0.01 369.12 368.76 368.58 362.87 360.08 324.65

0.015 367.99 367.18 366.78 354.26 348.29 280.33

0.02 366.42 364.99 364.28 342.81 332.91 233.84

0.03 362.00 358.87 357.32 313.47 294.98 154.29

0.04 355.96 350.59 347.96 279.22 253.28 99.85

0.05 348.45 340.44 336.56 243.91 212.94 65.23

0.07 329.77 315.79 309.19 179.61 145.80 29.62

0.09 307.48 287.49 278.34 129.56 98.78 14.79

0.1 295.47 272.74 262.49 109.88 81.50 10.83

0.25 133.05 101.91 90.57 12.82 7.72 1.13

0.5 33.38 21.37 17.72 1.77 1.30 1.00

0.75 10.76 6.45 5.27 1.04 1.00 1.00

1 4.49 2.76 2.31 1.00 1.00 1.00

1.25 2.39 1.61 1.42 1.00 1.00 1.00

1.5 1.57 1.20 1.12 1.00 1.00 1.00

Figure 2: Performance comparison of detecting change using control charts with parameters µ0 = 0,
σ2 = 1, ARL0 = 370, w = 3, and λ = 0.25.
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Table 4: Simulated data from a standard normal distribution
i x1 x2 x3 X̄ MAi Zi Mi Si Ai Di

1 −1.001 1.150 −0.343 −0.065 −0.065 −0.016 −0.008 −0.008 −0.002 −0.002
2 0.133 −1.243 0.427 −0.228 −0.146 −0.069 −0.043 −0.032 −0.012 −0.010
3 0.948 −0.666 1.802 0.695 0.134 0.122 0.026 −0.026 −0.003 −0.014
4 −0.958 −0.809 0.684 −0.361 0.035 0.001 0.062 0.002 0.013 −0.010
5 1.340 1.812 −0.974 0.726 0.353 0.182 0.092 0.050 0.033 0.005
6 0.265 −0.055 1.552 0.587 0.318 0.284 0.233 0.121 0.083 0.034
7 −0.992 0.874 −2.077 −0.731 0.194 0.030 0.157 0.155 0.101 0.064
8 −2.014 −0.806 −0.730 −1.183 −0.442 −0.273 −0.122 0.085 0.046 0.070
9 0.526 −0.058 1.123 0.531 −0.461 −0.072 −0.173 −0.049 −0.009 0.040
10 −0.367 0.280 0.376 0.096 −0.186 −0.030 −0.051 −0.118 −0.020 0.000
11 −0.816 −0.175 0.990 −0.001 0.209 −0.023 −0.027 −0.085 −0.021 −0.021
12 0.827 0.851 0.441 0.707 0.267 0.160 0.068 −0.004 0.001 −0.017
13 1.052 −0.262 −0.169 0.207 0.304 0.171 0.165 0.068 0.042 0.004
14 −0.424 2.630 −0.731 0.492 0.468 0.252 0.211 0.148 0.085 0.040
15 1.108 −0.323 −0.403 0.127 0.275 0.220 0.236 0.204 0.122 0.081
16 −0.032 −0.683 −0.115 −0.277 0.114 0.096 0.158 0.201 0.131 0.111
17 −0.829 −0.936 1.029 −0.245 −0.132 0.011 0.053 0.149 0.112 0.121
18 0.537 −0.354 −0.927 −0.248 −0.257 −0.054 −0.022 0.063 0.078 0.106
19 −1.372 0.101 −0.232 −0.501 −0.332 −0.166 −0.110 −0.026 0.031 0.073
20 −0.528 0.241 0.683 0.132 −0.206 −0.091 −0.129 −0.087 −0.009 0.033
21 −1.371 −1.036 0.572 −0.612 −0.327 −0.221 −0.156 −0.132 −0.046 −0.008
22 0.074 0.122 0.006 0.067 −0.137 −0.149 −0.185 −0.157 −0.080 −0.045
23 1.350 0.482 0.320 0.717 0.058 0.068 −0.041 −0.128 −0.071 −0.066
24 0.029 0.032 1.368 0.476 0.420 0.170 0.119 −0.036 −0.023 −0.058
25 −1.247 1.926 −1.027 −0.116 0.359 0.098 0.134 0.071 0.016 −0.026
26 0.408 −2.579 0.379 −0.597 −0.079 −0.076 0.011 0.088 0.015 0.002
27 0.212 1.298 1.231 0.914 0.067 0.172 0.048 0.064 0.023 0.018
28 −0.096 0.495 1.295 0.565 0.294 0.270 0.221 0.093 0.073 0.037
29 0.419 −0.200 −0.523 −0.101 0.459 0.177 0.224 0.164 0.110 0.069
30 −0.181 1.290 −0.175 0.311 0.258 0.211 0.194 0.213 0.131 0.105
31 2.360 0.909 0.379 1.216 0.475 0.462 0.336 0.251 0.182 0.141
32 −1.799 1.616 0.591 0.136 0.554 0.380 0.421 0.317 0.242 0.185
33 −1.111 0.840 −0.453 −0.241 0.370 0.225 0.303 0.353 0.257 0.227
34 0.403 0.338 0.268 0.336 0.077 0.253 0.239 0.321 0.253 0.251
35 −0.510 −1.961 1.187 −0.428 −0.111 0.083 0.168 0.237 0.231 0.247
36 1.269 −0.743 −1.129 −0.201 −0.098 0.012 0.047 0.151 0.185 0.223
37 −0.176 −0.124 0.437 0.046 −0.195 0.020 0.016 0.077 0.143 0.187
38 −1.009 −0.041 0.311 −0.247 −0.134 −0.046 −0.013 0.017 0.104 0.144
39 0.143 −0.567 1.056 0.211 0.003 0.018 −0.014 −0.004 0.074 0.107
40 −0.338 −0.621 −0.295 −0.418 −0.151 −0.091 −0.037 −0.021 0.047 0.075

5 Conclusion
In modern industry and factories, monitoring the quality of production processes is of
particular importance. Control charts, as one of the main tools in this field, enable the
rapid detection of changes and quality deviations. These tools play a significant role in re-
ducing defective products and improving the efficiency of production lines. In this study,
a new control chart for monitoring quality characteristics with a normal distribution has
been introduced and evaluated. The proposed control chart is designed by combining
three control charts: Moving Average (MA), Exponentially Weighted Moving Average
(EWMA), and Modified Exponentially Weighted Moving Average (MEWMA). The con-
trol limits of this chart are determined based on the Shewhart method. The performance
of the proposed control chart has been evaluated in comparison with existing control
charts. The comparison criterion in this paper is the Average Run Length (ARL). The
findings of the paper indicate a significant superiority of the proposed control chart over
existing control charts. This control chart demonstrates better performance in the rapid
and accurate detection of out-of-control conditions. The main advantage of the proposed
control chart is its higher sensitivity to small shifts in the process. The accuracy and speed
of detection of this control chart for small process shifts have been significantly improved.
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Accordingly, the proposed control chart can be a suitable option for monitoring processes
that are sensitive to small shifts.
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Abstract

In multi component maintenance planning, economies of scale can typically be
achieve through group maintenance strategies. This study focuses on a heteroge-
neous multi unit system and formulates two cost minimizing maintenance policies.
Using renewal theoretic reasoning, the expected number of failures over a finite in-
terval is numerically estimated, forming a key element of the models. The analysis
also shows how one policy reduces to alternative strategies under specific conditions.
A numerical example is provided to demonstrate the models’ performance and the
resulting cost expressions.
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Policy, Run to Failure Policy.
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1 Introduction and literature review
Maintenance comprises the technical and administrative activities required to restore or
sustain system operability [4] , [1]. Maintenance strategies have evolved from run to
failure to time based, condition based, and more recently predictive maintenance, which
aims to intervene shortly before failure [9]. Maintenance costs include direct expenses
such as labor and spare parts, and indirect costs associated with downtime and lost sales.
Mathematical models seek to optimize objectives such as expected cost, availability, and
reliability.

For multi component systems, single unit models are often insufficient due to economic,
structural, stochastic, and resource dependencies among units [12], [3]. Economic depen-
dencies arise mainly from setup costs -e.g., system shutdown and technician deployment-
that motivate group maintenance policies. Structural dependencies occur when compo-
nents must be disassembled to access others, as in machine tools. Stochastic dependencies
arise when one unit’s failure influences the failure behavior of other units. Group replace-
ment/maintenance (GRP) consolidates actions to exploit economies of scale, such as in
street lamp maintenance. Prior studies have analyzed various forms of these polocies,
load sharing systems under economic dependencies via predictive maintenance policies
, clustering policies with significant cost reductions [6] , reinforcement learning based
predictive group maintenance [5] , multi agent approaches for production lines [11], dy-
namic and health informed group policies [10], multi stage degradation models [8], and
digital twin supported opportunistic group maintenance [7]. This paper examines two
maintenance policies for a multi unit system— Group Replacement policy (GR policy)
and Run-to-failure policy (RTF Policy). Section 2 formulates the problem and derives
expected cost expressions; Section 3 provides a numerical example; Section 4 concludes
the study.

2 Problem description and modeling
This section studies a system of Nheterogeneous components and formulates two main-
tenance policies. GR policy applies group replacement at fixed intervals, renewing all
components simultaneously. RTF policy relies on run to failure replacement, renewing
each component only when it fails. Parameters and notations used in this study are as
follows.

N : The number of the system units,
cgj : The cost of replacing unit j’th under group replacement,
cfj : The cost of replacing unit j’th under failure replacement,
Tg: The time required to replace all items under group replacement policy,
tp: The interval of group replacement policy for replacing the components,
Hj(t): The expected number of failures in interval (0,t) for item j,
fj(t): probability density function (p.d.f) of item j for failure time,
ECTj : Expected cost per time unit under policy j (where j= GR or RTF).
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For both Policies, cost rate expressions are developed. A prerequisite for these for-
mulations is computing Hj(t), the expected number of failures of component j over the
interval (0, t). In general, the calculation of Hj(t) follows renewal theoretic principles. As
shown in [2], applying Laplace transforms yields the following relation:

H∗
j (s) =

f ∗
j (s)

s[1− f ∗
j (s)]

(2.1)

Then Hj(t) can be computed from H∗
j (s). In practice, inversion of H∗

j (s) to compute
Hj(t) can only be done for some simple cases. Accordingly, discrete approaches are
commonly employed which leads to Equation 2.2

Hj(T ) =
T−1∑
k=0

[1 +Hj(T − k − 1)]

∫ k+1

k

fj(t)dt, T ≥ 1 (2.2)

Since Hj(0) = 0. Eq 2.2 allows recursive evaluation, where Hj(1) is obtained from
Hj(0), then Hj(2) from Hj(1), and so forth. In this discrete scheme, it is assumed that
no more than one failure occurs within a single time unit. This assumption is not limited,
as the time step can be chosen arbitrarily small.

2.1 GR Policy
As previously noted, a system with N heterogeneous items is considered where each item
has its own failure rate and replacement cost. Under the policy examined here, failed
items are replaced upon failure during the interval tp, with item j incurring a corrective
replacement cost cfj . At the end of each interval tp, all items are preventively renewed
simultaneously, and the preventive replacement cost for item j is cpj , with the typical
assumption cpj ≤ cfj . The goal is to determine an optimal value of tp that minimizes the
long run expected replacement cost per unit time. The system’s cost rate function is
computed using Equation 2.3.

ECTGR(tp) =

∑N
j=1 c

g
j +

∑N
j=1Hj(tp)c

f
j

tp + Tg
(2.3)

2.2 RTF Policy
In this policy, each item is replaced immediately upon failure, representing a conventional
run to failure approach. This policy can also be viewed as the limiting form of the GR
policy when the preventive interval tp grows without bound. As tp→∞, the GR policy
converges to the RTF policy. For large t (as t→∞), the expected number of failures Hj(t)
is obtained using the following expression from [2]:

Hj(t) ≈
t

µj

+
σ2
j − µ2

j

2µ2
j

(2.4)

Consequently, the following limit must be evaluated:
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ECTGR(tp) = limtp→∞

∑N
j=1 c

g
j +

∑N
j=1Hj(tp)c

f
j

tp + Tg
(2.5)

By inserting Equation 4 into Equation 5, we arrive at Equation 2.6:

ECTRTF =
N∑
j=1

cfj
µj

(2.6)

3 Numerical study
Consider a system composed of three components, whose parameter values are given in
Table 1. Assume that the duration of a group replacement is negligible. All remaining
inputs also appear in Table 1.

Table 1: The data of the units
unit cgj cfj fj(t)

unit1 20 150 Normal(20,5)
unit2 15 100 Normal(15,3)
unit3 10 80 Normal(10,3)

Table 2 summarizes the outcomes obtained for the two maintenance policies. Under
the GR policy, the optimal preventive replacement interval is tp = 7, which yields an
expected cost rate (ECTGR) of 8.397. If the RFT policy is used instead, Equation 6
indicates that the corresponding theoretical ECTRTF is approximately 150+100+80

20+15+10
≈ 22.

Table 2: The data of the units
Policy ECTj tp
GR policy 8397 7
RTF policy 22 ∞

These findings imply that, following the GR policy, all three components should be
jointly replaced at time 7, whereas within the interval (0,7) any component that fails is
replaced upon failure. As anticipated, the RTF policy results in the highest cost.

4 Conclusion
This study examined two maintenance policies for heterogeneous multi unit systems,
focusing on the underlying concepts of group replacement. Closed form expressions were
developed to estimate the expected cost rate associated with each policy, and it was
shown that specific policy can simplify to others under particular conditions. Numerical
example is solved to evaluate and contrast the performance of the considered policies.
From a managerial standpoint, the results highlight that integrating group replacement
maintenance can substantially improve cost efficiency.
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Abstract

This paper focuses on designing reliability group sampling plans based on Weibull
failure count data. A linear combination of expected producer and consumer risks is
minimized and the optimal number of groups are also determined by solving integer
nonlinear programming problems where the prior information on failure probabil-
ity is described by a truncated beta model. Numerical and graphical analyses are
provided for illustrative and comparative purposes.

Keywords: Reliability testing, Expected producer and consumer risks, Lot sam-
pling inspection, Weibull model.

1 Introduction
Reliability acceptance sampling plans in quality control are very important in reliability
analysis and industrial manufacturing to decide the acceptability of submitted lots based
on random samples and prior information. The construction of reliability sampling plans
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has been studied in a large variety of situations. Some recent references are [16], [12], [5],
[8], [10] and [9].

Group acceptance sampling plans (GASPs) by attributes represent the most basic
schemes in industrial quality control. The formulation of GASPs enable the simultaneous
evaluation of multiple items and thereby achieve considerable reductions in both time and
cost. These plans are constructed on g groups, yielding a total sample size of n = kg,
where each group contains k items. The k items in a group are tested simultaneously on
separate testers for a pre-specified time t. The experiment is terminated if, during this
period, the number of failures in any group exceeds the allowable acceptance number c.

The methodology of GASP has been widely treated literature. The lifetime variable
of interest follows generalized exponential distribution in [14] and [3]. More recently, we
can cite the works by [15], [1], [11], [6] and [7] which have introduced GASPs based on
inverse log-logistic, gamma-Lindley, type-I heavy-tailed Rayleigh, odd-Perks-Lomax and
Weibull distributions.

In designing GASPs it is usual to assume a constant probability p of observing a defec-
tive or nonconforming unit in the lot under inspection. In many circumstances, however,
this assumption is not reasonable and it should be convenient to adopt an adequate prior
model on p. This paper deals with the determination of optimal GASPs with controlled
expected weighted-average of risks and fixed acceptance numbers using Weibull failure
count data and truncated beta distributions, which is essentially a constrained mini-
mization problem. The optimal number of groups are found by solving a mixed integer
nonlinear programming problem. Using available prior information on p in the sampling
plan design can reduce the required sample size for testing.

The rest of this paper is structured as follows. The methodology of GASP is proposed
in Section 2. Prior models on the defective probability, as well as classical and expected
producer and consumer risks, are defined in section 3. A mixed integer nonlinear pro-
gramming problem is formulated in Section 4 to find the optimal GASPs with minimal
expected weighted-average risks.

2 Weibull reliability group sampling plans
Assume that the lifetime of a product follows a Weibull distribution with known shape
parameter s > 0 and scale parameter θ > 0 with cumulative distribution function (cdf)

F (t; s, θ) = 1− exp

(
−
( t
θ

)s)
, t > 0. (2.1)

The mean life of a Weibull distribution product is given by µ = (θ/s)Γ(1/s), where Γ(.)
is the complete gamma function. Let µ0 be the specified mean life and the termination
time is given by t0 = qµ0, where q is a positive constant known as termination ratio.

Following [2], the procedure of a GASP denoted by S = (g, c) is as follows:
1. Select the number of groups g and allocate pre-defined k units to each group so that

the sample size for a lot will be n = gk.

2. Select the acceptance number c (< k) for a group and the fixed experiment time t0
.
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3. Perform the experiment for the g groups simultaneously and count the number of
defectives (Dj, j = 1, 2, ..., g) for each group.

4. Accept the lot whenever Dj is at most equal to acceptance number c in each of all
groups, otherwise, truncate the experiment and reject the lot.

The operating characteristic (OC) function gives the probability of accepting a lot
versus the true proportion of defective items p. The OC function associated with the
group sampling plan S = (g, c) is defined at p by L(p) ≡ L(p; g, c) and is given by

L(p) = Pr(Dj ≤ c, for all g grops) =
[ c∑

i=0

(
k

i

)
pi(1− p)k−i

]g
, (2.2)

where p denotes the probability that a product in a group fails before the time t0 and is
given by

p ≡ p(q, s, r) = 1− exp

(
−
(
qΓ(1/s)

sr

)s)
, (2.3)

where the ratio r = µ/µ0 is expressed as the quality level of a product.

3 Prior models and expected risks
In general, conventional risks are typically used in cases where the prior distribution of p
is either unavailable or has been discarded. Suppose that there is some information about
the defective rate, p.

Let r0 and r1 be the ratio of quality level associated with the producer and con-
sumer, respectively. Moreover, p0 ≡ p(q, s, r0) and p1 ≡ p(q, s, r1) are the acceptable and
rejectable defective rates corresponding to the producer and consumer, respectively. Con-
ventionally, the lot is acceptable for producer if p ≤ p0 and it is rejectable for consumer
if p ≥ p1. The producer and consumer risks (CPR and CCR) are defined respectively as

sup
p≤p0

{1− L(p)} and sup
p≥p1

{L(p)}.

Since L(p) is a decreasing function of p, then the CPR and CCR are given by CPR(g, c, p0) =
1− L(p0) and CCR(g, c, p1) = L(p1).

In the construction of GASPs, the frequentist approach relies solely on empirical ob-
servations and assumes a fixed probability p of encountering a defective or nonconforming
unit within the lot under inspection. However, this assumption is often unrealistic, as
prior information regarding the stochastic nature of the defective rate p is frequently
available and can be incorporated into the design of sampling plans. According to [4],
expected producer and consumer risks (EPR and ECR) are defined by

EPR(g, c, p0) = E[1− L(p)|p ≤ p0] and ECR(g, c, p1) = E[L(p)|p ≥ p1],
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respectively. The EPR is defined as EPR = 1 − L(p0) when P (p ≤ p0) = 0 and the
ECR is defined as ECR = L(p1) when P (p ≥ p1) = 0, which coincides with the corre-
sponding conventional producer and consumer risks. Otherwise, the EPR and ECR can
be expressed respectively as

EPR(n, c, p0) = 1−
∫ p0

0

L(p)h0(p)
Pr(p ≤ p0)

dp,

and

ECR(n, c, p1) =

∫ 1

p1

L(p)h1(p)
Pr(p ≥ p1)

dp,

where h0(.) and h1(.) are the prior producer and consumer density functions. That is,
h0(.) and h1(.) are the corresponding prior densities of the conditional random variables
p|p ≤ p0 and p|p ≥ p1. This paper considers the case in which both producer and consumer
want to ensure the neutrality of the prior model and they agree with the selected prior
distributions, h(p) = h0(p) = h1(p).

The use of a Beta prior distribution for the proportion of defectives p in acceptance
sampling procedures is well justified from both theoretical and practical perspectives. We
assume truncated beta priors for the producer and consumer. In general, the defective
rate p conditional to p ∈ [l, u] follows a truncated beta TB(a, b, l, u) prior distribution
with pdf as

h(p) =
pa−1(1− p)b−1

B(a, b, l, u)
, a, b > 0, 0 < l < u < 1, l < p < u,

where B(a, b, l, u) =
∫ u

l
xa−1(1 − x)b−1dx is a truncated beta function. Observe that

the standard Beta(a, b) distribution is a particular case of the TB distribution when
l = 0 and u = 1. We consider the prior producer and consumer distributions are as
TB(a, b, 0, p0) and TB(a, b, p1, 1), respectively. That is, p|p ≤ p0 ∼ TB(a, b, 0, p0) and
p|p ≥ p1 ∼ TB(a, b, p1, 1).

4 Optimal GASP with minimal expected weighted-
average of risks

The expected weighted-average risk (EWR) is defined as a linear combination of the
expected producer and consumer risks, expressed through their respective weights. If λ0
and λ1 denote positive constants corresponding to the producer’s and consumer’s weights,
respectively, with the constraint λ0 + λ1 = 1, then the EWR can be written as

EWR(g, c, p0, p1) = λ0EPR(g, c, p0) + λ1ECR(g, c, p1). (4.1)

The ratio λ0/λ1 quantifies the relative importance assigned to producer error in compari-
son with consumer error. This formulation has the inherent advantage of adapting to the
sample size, making it particularly relevant in acceptance sampling where the conflicting
interests of producers and consumers must be balanced.
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Given a fixed acceptance number c ≥ 0, our interest is to determine the best number
of groups, g⋆, which can be obtained by minimizing (4.1). The constrained minimization
problem can be stated as follows:

Minimize EWR(g, c, p0, p1)
Subject to (g, c) ∈ Ω,

(4.2)

where Ω = {(g, c) : g ∈ N, c ∈ N0} is the feasible region. Therefore, we have to solve the
following optimization problem

min{EWR(g, c, p0, p1) : (g, c) ∈ Ω}.

Clearly, EWR(g⋆, c, p0, p1) = min{EWR(g, c, p0, p1) : (g, c) ∈ Ω} and the inspection
scheme with minimal EWR would be denoted by the S⋆ = (g⋆, c).

Tables 1 and 2 presents the number of groups with minimum EWR, g⋆, and their
associated risks (EWR, EPR and ECR) for selected values of c = 0(1)4, λ0 = 0.2, 0.5, 0.8,
k = 5, q = 0.5, 1.0, r0 = 2 and r1 = 1 when s = 1 and s = 2, respectively. The prior
distribution of the defective rate p is assumed to be a Beta(a, b) with mode 5(p0 + p1)/6
and a+ b = 5. Since the mode of Beta(a, b) is (a− 1)/{(a+ b)− 2}, then we get

a ≡ ap0,p1 = 1 + 5(p0 + p1)/2, and b ≡ bp0,p1 = 4− 5(p0 + p1)/2. (4.3)

In light of Tables 1 and 2, it is clear that:
1. The minimum-EWR number of groups, g⋆, grows as acceptance number c increases

while the EWR and EPR decrease. .

2. g⋆ reduces when the termination ratio q increases..

3. When λ0 increases, g⋆ and the EPR decrease, whereas the ECR grows.

Figure 1 displays the EWR, EPR and ECR percentages versus λ0 for c = 2, r0 =
2, r1 = 1, k = 5, q = 0.5 when s = 1. It is observed that the EPR reduces and the ECR
increases when λ0 increases while the EWR first increases and then decreases.

Figure 2 shows the minimum conventional weighted-average risks (CWR) and mini-
mum EWR number of groups versus λ0 for c = 2, r0 = 2, r1 = 1, k = 5, q = 0.5 and s = 1.
In light of this figure, it is clear that the use of expected risks instead of conventional
(classical) risks, in most cases, yields appreciate reductions in g⋆.

5 Real data application
In this section, a data set is employed to illustrate the proposed GASP to assess the appro-
priateness of the Weibull distribution. The following data set reported in [13] represents
the lifetimes (in minutes) of breakdown voltages of electrical cable insulation

0.19, 0.78, 0.96, 1.31, 2.78, 3.16, 4.15, 4.67, 4.85, 6.50,

7.35, 8.01, 8.27, 12.06, 31.75, 32.52, 33.91, 36.71, 72.89
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Table 1: Optimal number of groups, g⋆, with minimum-EWR and the corresponding risks (%)
for selected values of c, λ0 = 0.2, 0.5, 0.8, r0 = 2, r1 = 1, k = 5 and q = 0.5, 1 when s = 1.

(λ0, λ1) = (0.2, 0.8) (λ0, λ1) = (0.5, 0.5) (λ0, λ1) = (0.8, 0.2)
q c g⋆ EWR EPR ECR g⋆ EWR EPR ECR g⋆ EWR EPR ECR

0.5 0 1 12.65 55.42 1.96 1 28.69 55.42 1.96 1 44.73 55.42 1.96
1 2 8.32 32.25 2.34 1 14.78 18.10 11.46 1 16.77 18.10 11.46
2 6 4.88 18.59 1.45 4 8.61 13.00 4.23 2 8.41 6.82 14.77
3 29 2.52 9.90 0.68 18 4.47 6.35 2.60 10 4.51 3.61 8.13
4 299 1.20 4.77 0.31 196 2.17 3.17 1.16 112 2.26 1.84 3.98

1.0 0 1 16.45 81.86 0.10 1 40.98 81.86 0.10 1 65.51 81.86 0.10
1 1 10.60 47.80 1.30 1 24.55 47.80 1.30 1 38.50 47.80 1.30
2 2 7.34 32.32 1.10 1 12.75 18.15 7.36 1 15.99 18.15 7.36
3 5 4.38 17.86 1.01 3 7.78 11.30 4.25 2 8.12 7.74 9.62
4 25 2.25 8.89 0.59 16 4.04 5.84 2.25 9 4.18 3.35 7.46

Table 2: Optimal number of groups, g⋆, with minimum-EWR and the corresponding risks (%)
for selected values of c, λ0 = 0.2, 0.5, 0.8, r0 = 2, r1 = 1, k = 5 and q = 0.5, 1 when s = 2.

(λ0, λ1) = (0.2, 0.8) (λ0, λ1) = (0.5, 0.5) (λ0, λ1) = (0.8, 0.2)
q c g⋆ EWR EPR ECR g⋆ EWR EPR ECR g⋆ EWR EPR ECR

0.5 0 2 7.24 24.82 2.84 1 13.18 13.47 12.89 1 13.35 13.47 12.89
1 11 2.36 9.43 0.59 7 4.26 6.16 2.36 4 4.42 3.59 7.76
2 79 0.65 2.67 0.15 56 1.23 1.91 0.55 35 1.37 1.20 2.04
3 1011 0.17 0.70 0.03 760 0.33 0.53 0.13 528 0.39 0.37 0.47
4 - - - - - - - - - - - -

1.0 0 1 10.20 49.16 0.47 1 24.81 49.16 0.47 1 39.42 49.16 0.47
1 2 5.20 24.68 0.34 1 8.80 13.40 4.21 1 11.56 13.40 4.21
2 4 1.97 8.03 0.46 3 3.75 6.11 1.39 2 4.22 4.13 4.57
3 15 0.62 2.60 0.13 11 1.22 1.91 0.53 8 1.44 1.40 1.63
4 109 0.16 0.68 0.03 86 0.32 0.53 0.10 63 0.40 0.39 0.41

Dashs (-) are presented in the required cells for a large number of groups.
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Figure 1: EWR, EPR and ECR percentages versus the producer weight λ0 when c = 2, s = 1, r0 =
2, r1 = 1, k = 5 and q = 0.5.
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Figure 2: Optimal number of groups with minimum CWR and EWR the producer weight λ0 when
c = 2, s = 1, r0 = 2, r1 = 1, k = 5 and q = 0.5.

The maximum likelihood estimates of the parameters for this data set are ŝ = 0.7708
and θ̂ = 12.2222. The suitability of data for the Weibull distribution was assessed using
Kolmogorov–Smirnov (K-S) test and the corresponding p-value. The K-S test statistic
0.1613 with the associated significance value 0.6482 shows that the Weibull distribution
has a good fit to considered data set.

Using the fact µ = (θ/s)Γ(1/s), the estimated mean life of data is µ0 = 14.24. Assum-
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Table 3: Optimal number of groups, g⋆, for selected values of c = 2, λ0 = 0.5, r0 = 2, 3, 4, 5, r1 =
1, k = 5 and q = 0.5, 1 when s = 0.7708.

q = 0.5 q = 1.0
r0 p0 p1 a b g⋆ p0 p1 a b g⋆

2 0.3205 0.4828 3.0081 1.9919 2 0.4828 0.6753 3.8951 1.1049 1
3 0.2462 0.4828 2.8225 2.1775 3 0.3826 0.6753 3.6448 1.3552 1
4 0.2026 0.4828 2.7135 2.2865 3 0.3205 0.6753 3.4894 1.5106 1
5 0.1736 0.4828 2.6409 2.3591 4 0.2777 0.6753 3.3825 1.6175 1

ing a termination ratio as q = 0.5, the termination time is obtained as t0 = qµ0 = 7.12
minutes.

Assume that the failure probability, p, has a Beta(a, b) distribution with a+b = 5 and
mode 5(p0+p1)/6. From Table 3, for r1 = 1, r0 = 2, q = 0.5, k = 5, c = 2 and λ0 = 0.5, we
obtain p0 = 0.3205 and p1 = 0.4828, a = 3.0081 and b = 1.9919. Moreover, the optimal
number of groups is g⋆ = 2. According to these specifications, a total of 10 products are
needed and that ten items will be allocated to each of the two groups. We will accept the
lot if two failures occur before t0 = 7.12 minutes in each of the two groups.

6 Concluding remarks

A Bayesian approach was presented in this paper in order to determine the optimal
number of groups with fixed acceptance number to decide the acceptability of a submitted
lot. Assuming a weighted-average of the expected producer and consumer risks (EWR)
selected by the analyst, the optimal number of groups is obtained by minimizing the EWR.
Constrained optimization problems have been formulated with the aim of determining the
minimum-EWR c-defective plan (g⋆, c). The results show that using prior information for
fraction defective increases the effectiveness of the proposed plans. A real data analysis is
provided to illustrate the results by comparison of the existence method and the proposed
method. The results derived for Weibull distribution are also valid for any other lifetime
models.

Suppose that the analyst wants to control the risk incurred by the selected GASP by
considering ε ∈ (0, 1) as the maximum risk tolerated, where ε ≤ min{λ0, λ1}. Proposed
optimal GASPs in this paper can be developed to determine the optimal number of
groups and acceptance number when the maximum tolerated weighted-average risk is ε,
i.e., EWR(g, c, p0, p1) ≤ ε.
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Abstract

This paper develops and compares estimators of the stress-strength parameter
R = P (X > Y ) when both variables follow independent log-uniform distributions.
We derive the maximum likelihood estimator (MLE), the uniformly minimum vari-
ance unbiased estimator (UMVUE), and a novel shrinkage estimator that optimally
blends MLE and UMVUE. A simulation study confirms that the shrinkage estimator
reduces bias and mean squared error compared to the MLE while approaching the
UMVUE in large samples. The practical value of the methodology is then demon-
strated through two real-world case studies. First, in an educational psychology
context, we quantify the effect of coffee consumption on students’ accuracy in a
statistics exam, obtaining a reliability estimate of approximately 0.35. Second, in
an electrical engineering setting, we analyse lithium-ion battery degradation under
thermal stress, yielding a reliability estimate of about 0.56. In both applications,
the log-uniform model provides an adequate fit, and the estimators deliver inter-
pretable, actionable insights that align with domain-specific literature. The paper
includes compact derivations of the key analytical forms, making it self-contained
for applied researchers.
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1 Introduction
The notion of “stress” and “strength” is not confined to mechanics. In psychology, stress
refers to any cognitive or emotional demand that challenges an individual’s performance;
in electrical engineering, it can be an elevated temperature that degrades a component.
Across these vastly different domains, a central question recurs: What is the probability
that the system’s inherent strength overcomes the applied stress? Answering this question
in a principled, quantitative way is the task of the stress-strength reliability model.

The stress-strength model was originally formalized by Birnbaum [3] and defines the
reliability parameter R = P (X > Y ), where X represents the “strength” random variable
and Y the “stress” random variable. The parameter R has since found extensive appli-
cation in reliability engineering, medicine, psychology, and education [8]. An important
practical challenge is that X and Y are rarely known with precision, and the analyst must
choose a probability distribution that reflects the available knowledge. When only vague
information about the scale or range of the variables exists–often the case with behavioral
scores or capacity measurements–the log-uniform distribution is an attractive candidate.

The log-uniform distribution, introduced by Hamming [5], has the probability density
function (pdf)

fZ(z; b) =
1

z ln b
,

1

b
≤ z ≤ 1, (1.1)

and the cumulative distribution function (cdf)

FZ(z; b) = 1 +
ln z

ln b
,

1

b
≤ z ≤ 1, (1.2)

where b > 1 is a scale parameter. It is continuous, right-skewed, and especially useful
when the variables span several orders of magnitude or when a non-informative prior
for a scale parameter is desired [2, 4, 9, 11, 12]. Its bounded support on [1

b
, 1] makes it

particularly suitable for modelling rates, proportions, and normalized capacities, which
appear in our applications.

A random variable Z is said to follow a log-uniform distribution with parameter b,
denoted by Z ∼ LU(b), if its pdf is given by (1.1).

In this paper, we put the applications at the core while developing the necessary statis-
tical machinery. Specifically, our contributions are threefold. First, we derive the explicit
expression for the stress-strength parameter R when both X ∼ LU(b1) and Y ∼ LU(b2)
are independent. Second, we construct three point estimators: the maximum likelihood
estimator (MLE), the uniformly minimum variance unbiased estimator (UMVUE), and a
novel shrinkage estimator that optimally blends MLE and UMVUE. Compact proofs of
the key formulas are provided to keep the paper self-contained. Third, and most impor-
tantly, we apply these estimators to two real-world case studies that represent the model’s
cross-disciplinary reach:
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• Educational Psychology: We examine whether drinking two cups of coffee before
a statistics exam improves students’ accuracy. Here, the strength X is the accuracy
score of coffee-drinking students, and the stress Y is the accuracy of non‑drinking
students. The estimated R yields a direct probabilistic answer to the question:
“How likely is it that a coffee drinker outperforms a non-drinker?”

• Electrical Engineering: We analyze the degradation of lithium-ion batteries
stored at 50◦C (stress) relative to those stored at 25◦C (strength). The result-
ing R quantifies the reliability penalty imposed by thermal stress, a critical metric
for battery management systems.

2 The stress-strength parameter
In this section, we compute the stress-strength parameter for the log-uniform distributions.
Let X ∼ LU(b1) and Y ∼ LU(b2) be two independent random variables, where b1 and b2
are unknown parameters. The stress-strength parameter can be expressed as

R = P (X > Y ) =

∫ 1

max
{

1
b1

, 1
b2

} FY (x; b2)fX(x; b1)dx.

Define a∗ = max
{

1
b1
, 1
b2

}
. For x ∈ [a∗, 1], substituting the pdf and cdf from (1.1) and

(1.2), respectively, gives

R =

∫ 1

a∗

(
1 +

ln x

ln b2

)
1

x ln b1
dx =

1

ln b1

∫ 1

a∗

1

x
dx+

1

ln b1 ln b2

∫ 1

a∗

ln x

x
dx.

The integrals evaluate to − ln a∗ and −1
2
(ln a∗)2, respectively. Hence

R = − ln a∗

ln b1
− (ln a∗)2

2 ln b1 ln b2
.

Now if 1
b1
< 1

b2
 then a∗ = 1

b2
 and − ln a∗ = ln b2 , yielding R = ln b2

2 ln b1
  . And, if 1

b1
≥ 1

b2
 then

a∗ = 1
b1

 and − ln a∗ = ln b1 , giving R = 1− ln b1
2 ln b2

  . Therefore

R =


ln b2
2 ln b1

if 1
b1
< 1

b2
,

1− ln b1
2 ln b2

if 1
b1

≥ 1
b2
.

(2.1)

As derived in (2.1), the stress-strength parameter R is a function of the unknown
parameters b1 and b2, and is denoted by R = R(b1, b2).

3 ESTIMATORS OF R

In this section, different estimators of R are developed using the methods of MLE,
UMVUE, and shrinkage estimation. Assume independent samples X1, X2, . . . , Xn ∼
LU(b1) and Y1, Y2, . . . , Ym ∼ LU(b2). The estimators are functions of the minimum order
statistics X(1) = minXi and Y(1) = min Yj .
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3.1 MLE
The likelihood function for the LU sample Z1, Z2, . . . , ZN is

L(b) =
N∏
i=1

1

zi ln b
I[ 1b ,1]

(zi) =

(
1

ln b

)N
(

N∏
i=1

1

zi

)
I[

1
z(1)

,+∞
](b) I[−∞,1](z(N)),

where z(j) denotes the jth order statistic. Since L(b) is decreasing in b on [ 1
z(1)
,∞), the

MLE of b is b̂ = 1
z(1)

 . Applying this to both samples and using the invariance property of
MLEs, we obtain the MLE of R as

R̂MLE = R(b̂1, b̂2) =


lnY(1)

2 lnX(1)
if X(1) < Y(1),

1− lnX(1)

2 lnY(1)
if X(1) ≥ Y(1).

(3.1)

Exact moments of R̂MLE can be derived and are used in the shrinkage estimator. The
first and second moments of R̂MLE are as follows:

E(R̂MLE) =
nm

2(n+m)(m+ 1)

ln b2
ln b1

+
m

n+m
− nm

2(n+m)(n+ 1)

ln b1
ln b2

, (3.2)

E(R̂2
MLE) =

nm

4(n+m)(m+ 2)

( ln b2
ln b1

)2
+

m

n+m
− nm

(n+m)(n+ 1)

ln b1
ln b2

+
nm

4(n+m)(n+ 2)

( ln b1
ln b2

)2
. (3.3)

3.2 UMVUE
Minimum order statisticsX(1) and Y(1) are complete sufficient for b1 and b2. Let h(X(1), Y(1))
be an unbiased estimator of R. Setting E[h(X(1), Y(1))] = R and using the joint density
of the minima,

fX(1),Y(1)
(x, y) =

nm

xy

(
1

ln b1

)n(
1

ln b2

)m(
ln

1

x

)n−1(
ln

1

y

)m−1

,

with 1
b1

≤ x ≤ 1 and 1
b2

≤ y ≤ 1, the unbiasedness condition yields, after applying Leibniz
integral rule, the unique solution

R̂UMV UE =


(n− 1)(m+ 1)

2nm

lnY(1)
lnX(1)

if X(1) < Y(1),

1− (n+ 1)(m− 1)

2nm

lnX(1)

lnY(1)
if X(1) ≥ Y(1).

(3.4)

It should be noted that as n,m→ ∞, the coefficients (n−1)(m+1)
2nm

→ 1
2
 and (n+1)(m−1)

2nm
→

1
2
 , so R̂UMV UE → R̂MLE , confirming asymptotic equivalence.
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3.3 Shrinkage Estimator
The shrinkage estimator of R blends its MLE and UMVUE as

R̂sh = θR̂MLE + (1− θ)R̂UMV UE ,

with the optimal weight θ minimizing the mean squared error (MSE) of R̂sh given by

θopt =
(R−R0)(E(R̂MLE)−R0)

E(R̂2
MLE) + R2

0 − 2R0E(R̂MLE)
.

where R0 = R̂UMV UE and the explicit moments E(R̂MLE) and E(R̂2
MLE) are available in

(3.2) and (3.3), respectively . Replacing R with R̂MLE in θopt yields a feasible weight θ̂∗
and the final estimator

R̂∗
sh = θ̂∗R̂MLE + (1− θ̂∗)R̂UMV UE . (3.5)

It can be seen that for large sample sizes n and m, the estimators R̂UMV UE , R̂MLE,
and R̂∗

sh coincide.

4 SIMULATION STUDY
To evaluate the performance of the three estimators, a Monte Carlo simulation was con-
ducted. Independent samples X1, . . . , Xn and Y1, . . . , Ym were generated from LU(b1 =
1.5) and LU(b2 = 3), respectively, with n,m ∈ {25, 40, 75, 116}. These parameter val-
ues represent distinct stress and strength conditions, and the chosen sample sizes cover
a practical range from small to moderately large datasets. Each scenario was replicated
100,000 times to ensure stable Monte Carlo estimates. According to (2.1), the true value
of R is 0.8154649.

Table 1 reports the average bias (A.Bias) and MSE of the MLE, UMVUE, and the
proposed shrinkage estimator of R across different sample sizes.

The following conclusions emerge clearly:

• Consistency: As n and m increase, the absolute bias and MSE of all three esti-
mators decrease toward zero, confirming their consistency.

• Bias ordering: The UMVUE consistently exhibits the smallest absolute bias, fol-
lowed by the shrinkage estimator, and then the MLE. That is,

|A.Bias(R̂UMV UE)| < |A.Bias(R̂sh)| < |A.Bias(R̂MLE)|.

• MSE ordering: Similarly,

MSE(R̂UMV UE) ≤ MSE(R̂sh) < MSE(R̂MLE).

In several cases, the shrinkage estimator matches the UMVUE in MSE.
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Table 1: A.Bias and MSE of different estimators of R.

n m
R̂MLE R̂UMV UE R̂sh

A.Bias MSE A.Bias MSE A.Bias MSE

25

25 -0.00027488 0.00011027 0.00002080 0.00010984 0.00002099 0.00010984
40 0.00025408 0.00007897 -0.00001705 0.00007452 0.00001840 0.00007456
75 0.00025427 0.00007470 -0.00001531 0.00005587 -0.00001818 0.00005621
116 0.00024726 0.00007097 -0.00000752 0.00005336 0.00001271 0.00005323

40

25 -0.00296273 0.00009018 0.00003722 0.00007874 0.00005675 0.00007882
40 -0.00009788 0.00004248 0.00001750 0.00004242 0.00001753 0.00004242
75 0.00005837 0.00003029 -0.00001138 0.00001665 -0.00001507 0.00002664
116 0.00002924 0.00003006 -0.00000969 0.00001283 0.00000973 0.00002281

75

25 -0.00021921 0.00009602 0.00002764 0.00006514 -0.00003160 0.00006536
40 -0.00021222 0.00003373 0.00002745 0.00002814 0.00003013 0.00002815
75 -0.00003131 0.00001206 0.00001490 0.00001205 0.00001951 0.00001205
116 0.00003101 0.00000907 -0.00001125 0.00000845 -0.00001261 0.00000845

116

25 -0.00020586 0.00010298 -0.00001164 0.00006185 0.00007068 0.00006214
40 -0.00011835 0.00003563 -0.00000497 0.00002503 0.00001576 0.00002505
75 -0.00008901 0.00000958 0.00000427 0.00000871 0.00000653 0.00000871
116 -0.00000385 0.00000507 0.00000385 0.00000507 0.00000385 0.00000507

• Shrinkage benefit: The shrinkage estimator R̂sh effectively reduces both bias and
MSE relative to R̂MLE , leveraging the UMVUE as a stable anchor.

• Convergence: For the largest sample sizes (n = m = 116), all three estimators
yield nearly identical A.Bias and MSE, supporting their asymptotic equivalence
established theoretically.

These results provide empirical evidence that the proposed estimators, particularly
the UMVUE and the shrinkage estimator, perform reliably in finite samples and can be
confidently applied to real data.

5 APPLICATION 1 – EDUCATIONAL PSYCHOL-
OGY

We now turn to the first real-world problem: quantifying the cognitive benefit of caffeine
in an academic setting. A longstanding question in educational psychology is whether
moderate coffee consumption before an exam improves performance. To address this,
we analyse a publicly available dataset (https://github.com/mwaskom/Psych252/blob/
master/WWW/datasets/caffeine.csv) containing accuracy scores (probability of answer-
ing a question correctly) on a 10-question statistics exam for two independent groups of
students: those who consumed two cups of coffee prior to the test (strength, n = 20) and
those who consumed none (stress, m = 11). The data are summarized in Table 2.

The log-uniform distribution is a natural first model for such bounded proportions,
particularly when the underlying cognitive scale is unknown. Kolmogorov-Smirnov (KS)
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Table 2: Accuracy scores (potential mediator) of students who consumed either 0 or 2 cups of
coffee prior to the statistics exam.

Cups of coffee Accuracy scores

2

0.4212120 0.3528293 0.5564924 0.4788779
0.4047098 0.5580818 0.3838812 0.5772318
0.6154113 0.6771771 0.2402377 0.6036828
0.3460965 0.6179977 0.5452024 0.4069703
0.3953451 0.6337638 0.4618152 0.4105491

0
0.4498767 0.4995339 0.4985903 0.4543119
0.6262978 0.3501472 0.3988599 0.7308104
0.6786753 0.6320787 0.6273589 –

tests indeed fail to reject the log-uniform hypothesis at the 5 % level: the coffee group
yields b̂1 = 4.1625 with p = 0.082, and the no-coffee group gives b̂2 = 2.8559 with
p = 0.229.

Using (3.1), (3.4) and (3.5), we obtain

R̂MLE = 0.3679204, R̂UMV UE = 0.3177494, R̂sh = 0.3588493 .

The estimates converge on a probability of roughly 0.32-0.37 that a coffee-drinking student
attains a higher accuracy than a non-drinker. This moderate positive effect is consistent
with experimental findings that caffeine enhances memory consolidation, especially in
morning sessions [14], and that energy drink consumption reduces reaction time in young
adults [1]. Additionally, survey-based studies report a positive association between caf-
feine intake and academic performance among medical students [6, 7]. The stress-strength
parameter thus translates a diffuse body of evidence into a single, easily interpretable met-
ric: drinking two cups of coffee before an exam is beneficial, but the advantage is far from
certain.

6 APPLICATION 2 – ELECTRICAL ENGINEER-
ING

In a completely different domain, we demonstrate the same methodology on battery reli-
ability data in https://calce.umd.edu/battery-data. Lithium-ion cells degrade faster at
elevated temperatures, a phenomenon of great practical concern for electric vehicles and
grid storage. We use charge capacity measurements (Ah) taken over three weeks from
cells stored at a mild 25◦C) (strength, n = 16) and a harsh 50◦C) (stress, m = 16) ; the
full dataset is listed in Table 3. The question is: what is the probability that a battery
kept at room temperature retains a higher capacity than one exposed to thermal stress?

Once again, the log-uniform distribution provides an adequate description. KS tests
yield p = 0.103 for the 25◦C group (b̂1 = 239.63) and p = 0.214 for the 50◦C group
(b̂2 = 479.33). The computed estimates are

R̂MLE = 0.5561605, R̂UMV UE = 0.5578942, R̂sh = 0.5578908 .
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Table 3: Charge capacity (Ah) data of lithium-ion batteries stored at two different temperatures:
25◦C and 50◦C.

Temperature Charge Capacity

25◦C

0.060511487 0.200307983 0.139800208 0.006259688
0.022952455 0.131453684 0.166926078 0.137713617
0.171099205 0.004173094 0.010432821 0.064684697
0.039645317 0.116847193 0.062598126 0.075117785

50◦C

0.002086253 0.168988979 0.181507477 0.039639947
0.098051629 0.054244232 0.006258799 0.177334650
0.014603951 0.018776534 0.208630818 0.010431352
0.131433696 0.143952122 0.112656079 0.123088079

All three estimators agree on a value near 0.56, meaning that a battery stored at 25◦C
has roughly a 56 % chance of maintaining a higher capacity than its 50◦C counterpart.

This moderate but unequivocal reliability deficit matches electrochemical knowledge.
Li et al. [10] reported that even minor thermal inhomogeneities (3◦C) can accelerate
degradation by more than 300 %, and Shen et al. [13] linked elevated temperatures to
accelerated solid-electrolyte interface growth and capacity fade. The parameter R ≈ 0.56
thus serves as a compact summary of the thermal penalty, providing battery management
engineers with a probability-based figure of merit for reliability-conscious design.

7 CONCLUSION
This paper has demonstrated that the stress-strength model under log-uniform distribu-
tions delivers actionable insights in both cognitive psychology and battery engineering.
We derived the exact form of R, constructed and compared three point estimators through
simulation, and applied them to authentic datasets. The shrinkage estimator improves
upon the MLE in finite samples, while the UMVUE remains the gold standard for unbi-
asedness. The estimated probabilities – ≈ 0.35 for coffee enhancing exam performance
and ≈ 0.56 for battery capacity retention under thermal stress – are consistent with
domain-specific literature. The framework is readily extendable to Bayesian inference
and can be applied to other fields where stress-strength reasoning is relevant.
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Ordering Results of Series Systems Consisting of
Dependent and Heterogeneous Exponential

Components under Archimedean Copula

Omid Shojaee 1
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Abstract

This paper investigates series systems comprising m dependent subsystems, each
containing heterogeneous and dependent Exponential components. The dependence
among components is modelled using Archimedean copulas. We establish sufficient
conditions for the stochastic comparison of two such series systems when the vector
of scale parameters of the first system majorizes that of the second, and when the
vectors representing the number of components in each subsystem differ between
the two systems. A numerical example is provided to illustrate the theoretical find-
ings.

Keywords: Series system, Usual stochastic order, heterogeneous Exponential
components, Archimedean Copula.

1 Introduction
In many real-world applications, including reliability engineering, lifetime populations
are often heterogeneous and composed of multiple homogeneous sub-populations. This
heterogeneity can arise from factors such as variations in production lines, differences in
raw materials, or inconsistencies in work shifts and labor quality. For a detailed discussion

1Speaker. o_shojaee@uoz.ac.ir
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on heterogeneous components, we refer the interested readers to Shojaee et al. [5] and
Shojaee et al. [6].

This paper derives sufficient conditions for the stochastic comparison of two series
systems with dependent and heterogeneous Exponential-distributed components. Specif-
ically, we establish ordering results under the usual stochastic order when (i) the vector
of scale parameters of the first system majorizes that of the second, and (ii) the vector
representing the number of components in each subsystem also follows a majorization
relationship.

The rest of the paper is organized as follows. Section 2 provides some basic defi-
nitions and lemma. Section 3 is devoted to the usual stochastic order of series systems.
Section 4 concludes the paper.

2 Preliminaries
Let the random variables X and Y have survival functions F̄ and Ḡ, respectively.

Definition 2.1. It is said to be the random variable X is smaller than Y in the usual
stochastic order if F̄ (x) ≤ Ḡ(x) for all x, and denoted by X ≤st Y or F̄ ≤st Ḡ.

Definition 2.2. (Marshall et al. [2]). Let a(1) ≤ · · · ≤ a(n) and b(1) ≤ · · · ≤ b(n) denote
the increasing arrangements of a = (a1, . . . , an) and b = (b1, . . . , bn), respectively.

(i) If
∑i

j=1 a(j) ≤
∑i

j=1 b(j) for i = 1, . . . , n − 1, and
∑n

j=1 a(j) =
∑n

j=1 b(j), then a is
said to majorize b and denoted by a

m

� b.

(ii) If
∑i

j=1 a(j) ≤
∑i

j=1 b(j) for i = 1, . . . , n, then a is said to weakly supermajorize b,
and denoted by a

w

� b.

(iii) If
∑n

j=i a(j) ≥
∑n

j=i b(j) for i = 1, . . . , n, then a is said to weakly submajorize b,
denoted by a �w b.

Let us consider the definition of Archimedean copula from Nelsen [4].

Definition 2.3. The copula function

CΨ(v1, . . . , vn) = Ψ

( n∑
i=1

φ(vi)

)
, (v1, . . . , vn) ∈ [0, 1]n,

where Ψ : [0,+∞) 7→ [0, 1] is (n− 2)th differentiable, with Ψ(0) = 1 and limt→+∞ Ψ(t) =
0 is called an Archimedean survival copula with generator Ψ if (−1)sΨs(t) ≥ 0, s =
0, 1, . . . , n − 2 and (−1)n−2Ψn−2(t) is decreasing and convex for all t ≥ 0. In this copula
φ = Ψ−1 is the inverse of Ψ and is right continuous φ(v) = Ψ−1(v) = sup{t ∈ R : Ψ(t) >
v}.

Definition 2.4. (Marshall et al. [2]). Consider a real-valued function ϕ defined on a
set A ⊆ Rn. If a

m

� b implies ϕ(a) ≥ (≤)ϕ(b) for any a, b ∈ A, then ϕ is Schur-convex
(Schur-concave) on A .
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Characterizations of Schur-convex (Schur-concave) functions are provided in the next
lemma.

Lemma 2.5. (Marshall et al. [2]). Suppose that ϕ : In → R be a real-valued, continuously
differentiable function, where I ⊆ R is an open interval. Then, ϕ is Schur-convex (Schur-
concave) on In if and only if ϕ is symmetric on In, and for all i 6= j and all x ∈ In,
(ai− aj)

(
∂ϕ
∂ai

(a)− ∂ϕ
∂aj

(a)
)
≥ (≤)0, where ∂ϕ

∂ai
is the partial derivative of ϕ with respect to

its i-th argument.

Lemma 2.6. (Marshall et al. [2]). Let ϕ be a real-valued function defined on a set
A ⊆ Rn. Then,

(i) ϕ is increasing and Schur-convex on A if and only if a�wb implies ϕ(a) ≥ ϕ(b);

(ii) ϕ is decreasing and Schur-convex on A if and only if a
w

� b implies ϕ(a) ≥ ϕ(b).

Lemma 2.7. (Li and Fang [1]). Let CΦ and CΦ⋆ are two n-dimensional Archimedean
copulas. If φ⋆ ◦ Φ is super-additive, then CΦ(v) ≤ CΦ⋆(v), for all v ∈ [0, 1]n (a function
g is super-additive, if g(p) + g(q) ≤ g(p+ q), for all p and q belong to the support of g).

Before giving the main results of the paper, we need the following notation:

Sn = {(a, b) : ai, bi ≥ 0 (ai − aj)(bi − bj) ≥ 0, i, j = 1, . . . , n}.

3 Ordering Results
This section examines the usual stochastic ordering of reliability functions for two series
systems, each comprising m dependent subsystems. The components within each sub-
system are assumed to be dependent and heterogeneous, with their dependence structure
modeled using Archimedean copulas. Here, m represents the number of subsystems in a
series system, while nj (where j = 1, . . . ,m) denotes the number of components in the
j-th subsystem. The total number of components in the system is given by n =

∑m
j=1 nj.

Theorem 3.1. Let E1:n(m,n,λ,Ψ) and E⋆
1:n(m,n,γ,Ψ

⋆) are the lifetimes random vari-
ables of two series systems with the respective parameters λ = (λ1,1, . . . , λ1,n1 , . . . , λm,1, . . . , λm,nm)
and γ = (γ1,1, . . . , γ1,n1 , . . . , γm,1, . . . , γm,nm), the generators log-convex Φ and Φ⋆, j =
1, . . . ,m, and the respective generators Ψ and Ψ⋆ of Archimedean copulas with reliability
functions F̄E1:n(m,n,λ,Ψ)(x) =

Ψ

(∑m
j=1 ψ

[
Φ

(∑nj

i=1 φ
(
exp(−λj,ix)

))])
and F̄E⋆

1:n(m,n,γ,Φ⋆,Ψ⋆)(x) =

Ψ⋆

(∑m
j=1 ψ

⋆

[
Φ⋆

(∑nj

i=1 φ
⋆
(
exp(−γj,ix)

))])
, respectively. Let φ⋆ ◦ Φ and ψ⋆ ◦ Ψ are

super-additive. Then (λj,1, . . . , λj,nj
) �w (γj,1, . . . , γj,nj

), j = 1, . . . ,m implies E1:n(m,n,λ,Ψ) ≤st

E⋆
1:n(m,n,γ,Ψ

⋆).
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Proof. We must to show that F̄E1:n(m,n,λ,Ψ)(x) ≤ F̄E⋆
1:n(m,n,λ,Ψ)(x). By Theorem 3.1 of

Nadeb et al. [3], if (λj,1, . . . , λj,nj
) �w (γj,1, . . . , γj,nj

), j = 1, . . . ,m, we have

Φ

( nj∑
i=1

φ
(
exp(−λj,ix)

))
≤ Φ⋆

( nj∑
i=1

φ⋆
(
exp(−γj,ix)

))
, j = 1, . . . ,m

and thus, from decreasingness property of ψ, we have

ψ

(
Φ

( nj∑
i=1

φ
(
exp(−λj,ix)

)))
≥ ψ

(
Φ⋆

( nj∑
i=1

φ⋆
(
exp(−γj,ix)

)))
. (3.1)

Then,

m∑
j=1

ψ

[
Φ

( nj∑
i=1

φ
(
exp(−λj,ix)

))]
≥

m∑
j=1

ψ

[
Φ⋆

( nj∑
i=1

φ⋆
(
exp(−γj,ix)

))]
. (3.2)

Hence, from decreasingness property of Ψ, we have

Ψ

( m∑
j=1

ψ

[
Φ

( nj∑
i=1

φ
(
exp(−λj,ix)

))])
≤ Ψ

( m∑
j=1

ψ

[
Φ⋆

( nj∑
i=1

φ⋆
(
exp(−γj,ix)

))])
.

(3.3)

From assumption ψ⋆ ◦Ψ is super-additive together with Lemma 2.7, one can obtain

Ψ

( m∑
j=1

ψ

[
Φ⋆

( nj∑
i=1

φ⋆
(
exp(−γj,ix)

))])
≤ Ψ⋆

( m∑
j=1

ψ⋆

[
Φ⋆

( nj∑
i=1

φ⋆
(
exp(−γj,ix)

))])
.

(3.4)
By combining inequalities (3.3) and (3.4), we get

Ψ

( m∑
j=1

ψ

[
Φ

( nj∑
i=1

φ
(
exp(−λj,ix)

))])
≤ Ψ⋆

( m∑
j=1

ψ⋆

[
Φ⋆

( nj∑
i=1

φ⋆
(
exp(−γj,ix)

))])
.

That means E1:n(m,n,λ,Ψ) ≤st E
⋆
1:n(m,n,γ,Ψ

⋆), and this completing the proof of the
theorem.

Theorem 3.1 gives the following upper bound for the SF of the random variable
E1:n(m,n,λ,Ψ).

Corollary 3.2. Set (γ1, . . . , γn) = (λ̄1, . . . , λ̄j), where λ̄ = 1
nj

∑nj

i=1 λj,i. One can see that
λj�wγj . Let (n,λ) ∈ Sm and Ψ and Φ be log-convex. For the SF of the random variable
E1:n(m,n,λ,Ψ) an upper bound is as follows:

F̄E1:n(m,n,λ,Ψ)(x) ≤ Ψ

( m∑
j=1

ψ

[
Φ

(
njφ

(
exp(−λ̄jx)

))])
.
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Remark 3.3. The assumption of sub-additivity or super-additivity of ψ⋆ ◦Ψ in Theorems
3.1 is not restrictive. Many Archimedean copulas satisfy this condition. We present some
examples below. The super-additivity of ψ⋆ ◦Ψ is easy to verify.

(i) Let Ψ(u) = e
1−eu

θ1 and Ψ⋆(u) = e
1−eu

θ2 , where 0 < θ1, θ2 ≤ 1. Thus, ψ⋆ ◦ Ψ is
super-additive for θ1 ≥ θ2.

(ii) Let Ψ(u) = θ
log(eθ+u)

and Ψ⋆(u) = log(eθ + u)−
1
θ , where θ > 1. Thus, ψ⋆ ◦ Ψ is

super-additive.

Remark 3.4. The assumption of log-convexity of the generators of Archimedean copulas
in Theorems 3.1 is satisfied in the following generators.

(i) The Gumbel-Hougaard copula with generator Ψ(u) = e−u
1
θ .

(ii) Ψ(u) = θ
log(eθ+u)

, θ ∈ (0,+∞).

(iii) Ψ(u) = log(eθ + u)−
1
θ , θ ∈ (0,+∞).

(iv) The Clayton copula with generator Ψ(u) = (1 + θu)
−1
θ , θ ∈ (0,+∞).

Now, let the components in each subsystem have the same SFs, F̄j(x) = exp(−λjx),
j = 1, . . . ,m, but the number of components in each subsystem of the first system is dif-
ferent from the second one. Also, suppose that the subsystems have the same dependency
structure.

Theorem 3.5. Suppose that E1:n(m,n,λ,Ψ) and E⋆
1:n⋆(m,n⋆,λ,Ψ⋆) are the lifetimes

random variables of two series systems with the common parameters λ = (λ1, . . . , λm),
the common log-concave generators Φ, and the respective log-convex generators Ψ and Ψ⋆

of Archimedean copulas with SF’s

F̄E1:n(m,n,λ,Ψ)(x) = Ψ

( m∑
j=1

ψ

[
Φ

(
njφ

(
exp(−λjx)

))])
and

F̄E⋆
1:n⋆ (m,n⋆,λ,Ψ⋆)(x) = Ψ⋆

( m∑
j=1

ψ⋆

[
Φ

(
n⋆
jφ
(
exp(−λjx)

))])
,

where
∑m

j=1 nj = n and
∑m

j=1 n
⋆
j = n⋆. For (n,λ) ∈ Sm and (n⋆,λ) ∈ Sm, if n �w n⋆

and ψ⋆ ◦Ψ be super-additive, then E1:n(m,n,λ,Ψ) ≤st E
⋆
1:n⋆(m,n⋆,λ,Ψ⋆).

Proof. We must to show that F̄E1:n(m,n,λ,Ψ)(x) is decreasing and Schur-concave with re-
spect to n. By considering ζ(n) = F̄E1:n(m,n,λ,Ψ)(x), the partial derivative of ξ(n) with
respect to nj is

∂ζ(n)

∂nj

= Ψ′
( m∑

j=1

ψ

[
Φ

(
njφ

(
exp(−λjx)

))])
× ψ′

[
Φ

(
njφ

(
exp(−λjx)

))]
× Φ′

(
njφ

(
exp(−λjx)

))
× φ

(
exp(−λjx)

)
.
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The decreasingness property of generators of Archimedean copulas yields: Ψ′ ≤ 0, ψ′ =
(Ψ−1)′ ≤ 0 and Φ′ ≤ 0. Thus, ∂ζ(n)

∂nj
≤ 0, and ζ(n) is decreasing in n. In addition, for any

pair (u, s), similar to the proof of Thereom 3.1, we have[
∂ζ(n)

∂nu

− ∂ζ(n)

∂ns

]
sign
= −

[
ψ′
[
Φ

(
nuφ

(
exp(−λux)

))]
× Φ

(
nuφ

(
exp(−λux)

))
×

Φ′
(
nuφ

(
exp(−λux)

))
Φ

(
nuφ

(
exp(−λux)

)) × φ
(
exp(−λux)

)
− ψ′

[
Φ

(
nsφ

(
exp(−λsx)

))]
× φ

(
exp(−λsx)

)

− ψ′
[
Φ

(
nsφ

(
exp(−λsx)

))]
× Φ

(
nsφ

(
exp(−λsx)

))
×

Φ′
(
nsφ

(
exp(−λsx)

))
Φ

(
nsφ

(
exp(−λsx)

))

× φ
(
exp(−λsx)

)]
.

Now, for u ≤ s (u > s) and from the assumption that (n,λ) ∈ Sm, nu ≤ (≥)ns and
λu ≤ (≥)λs. Thus, exp(−λux) ≥ (≤) exp(−λsx). On the one hand, from the decreasing
property of φ, we have

φ
(
exp(−λux)

)
≤ (≥)φ

(
exp(−λsx)

)
,

and then
nuφ

(
exp(−λux)

)
≤ (≥)nsφ

(
exp(−λsx)

)
.

On the other hand, from log-concavity and decreasingness of Φ, respectively, we get

0 ≥
Φ′
(
nuφ

(
exp(−λux)

))
Φ

(
nuφ

(
exp(−λux)

)) ≥ (≤)

Φ′
(
nsφ

(
exp(−λsx)

))
Φ

(
nsφ

(
exp(−λsx)

)) (≤ 0),

Φ

(
nuφ

(
exp(−λux)

))
≥ (≤)Φ

(
nsφ

(
exp(−λsx)

))
.

Since ψ is log-convex, one can obtain

0 ≥ Φ

(
nuφ

(
exp(−λux)

))
ψ′
[
Φ

(
nuφ

(
exp(−λux

))]
≥ (≤)Φ

(
nsφ

(
exp(−λsx)

))
ψ′
[
Φ

(
nsφ

(
exp(−λsx)

))]
(≤ 0).

Consequently,
(nu − ns)

[
∂ζ(n)

∂nu

− ∂ζ(n)

∂ns

]
≤ 0.
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Thus, using Lemma 2.5, ζ(n) is Schur-concave with respect to n. In addition, one can
see that ζ(n) is symmetric with respect to n. Therefore, from Lemma 2.6, if n �w n⋆,
then

Ψ

( m∑
j=1

ψ

[
Φ

(
njφ

(
exp(−λjx)

))])
≤ Ψ

( m∑
j=1

ψ

[
Φ

(
n⋆
jφ
(
exp(−λjx)

))])
. (3.5)

Similar to the proof of Theorem 3.1, from assumption ψ⋆ ◦Ψ is super-additive, we get

Ψ

( m∑
j=1

ψ

[
Φ

(
njφ

(
exp(−λjx)

))])
≤ Ψ⋆

( m∑
j=1

ψ⋆

[
Φ

(
n⋆
jφ
(
exp(−λjx)

))])
.

That means E1:n(m,n,λ,Ψ) ≤st E
⋆
1:n⋆(m,n⋆,λ,Ψ⋆).

3.1 Examples
Consider the following example to illustrate the theoretical findings.

Example 3.6. Let Ψ(v) = 2
log(e2+v)

and Ψ⋆(v) = log(e1.8 + v)−
1
1.8 . Clearly, Ψ and Ψ⋆

are log-convex, and ψ⋆ ◦ Ψ is super-additive. Set n = 12, m = 3, n = (4, 4, 4), and
Φ(u) = 1.5

log(e1.5+u)
. Put the parameters of the systems

λ = (λ1, . . . , λ12) = (0.3, 0.36, 0.42, 0.48, 0.54, 0.55, 0.57, 0.66, 0.74, 0.79, 0.85, 0.9),

and

γ = (γ1, . . . , γ12) = (0.2, 0.24, 0.28, 0.32, 0.36, 0.4, 0.45, 0.48, 0.55, 0.58, 0.66, 0.77).

It is easy to see that λj �w γj . Thus, all conditions of Theorem 3.1 are met. Figure 1
depicts the plots of F̄E1:12(3,4,λ,Ψ)(x) and F̄E⋆

1:12(3,4,γ,Ψ
⋆)(x). As can be seen from the plot

E1:12(3,4,λ,Ψ) ≤st E
⋆
1:12(3,4,γ,Ψ

⋆).

Figure 1: F̄E1:12(3,4,λ,Ψ)(x) (dash dot) and F̄E⋆
1:12(3,4,γ,Ψ

⋆)(x) (solid) in Example 3.6.
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Example 3.7. Let Ψ(v) = e
1−ev

0.75 and Ψ⋆(v) = e
1−ev

0.55 . Clearly, ψ⋆ ◦ Ψ is super-additive.
Set n = 9, n⋆ = 7, m = 3, n = (n1, n2, n3) = (4, 3, 2), n⋆ = (n⋆

1, n
⋆
2, n

⋆
3) = (3, 2, 2), Φ(u) =

e
1−eu

0.8 , and λ = (λ1, λ2, λ3) = (0.6, 0.5, 0.4). It is easy to see that n �w n⋆, (n,λ) ∈ T3

and (n⋆,λ) ∈ T3. Thus, all conditions of Theorem 3.5 are met. Figure 2 depicts the
plots of F̄E1:9(3,n,λ,Ψ)(x) and F̄E⋆

1:7(3,n
⋆,λ,Ψ⋆)(x), which indicates that E1:9(3,n,λ,Ψ) ≤st

E⋆
1:7(3,n

⋆,λ,Ψ⋆). This coincides with the result of Theorem 3.5.

Figure 2: F̄E1:9(3,n,λ,Ψ)(x) (dash dot) and F̄E⋆
1:7(3,n

⋆,λ,Ψ⋆)(x) (solid) in Example 3.7.

4 Conclusions
This paper has analyzed series systems with dependent and heterogeneous Exponential
components, where dependence is modeled via Archimedean copulas. Our results demon-
strate that when the first system’s vector of subsystem component counts and scale param-
eters majorize those of the second system, the first system is less reliable than the second
under the usual stochastic order. These findings provide a theoretical foundation for com-
paring system reliability in scenarios involving complex dependencies and heterogeneity,
which are common in real-world applications such as manufacturing, telecommunications,
and power grids.

Future research could extend this work in several directions such as investigating
non-Exponential (e.g., Weibull, Gamma or general case) component lifetimes while pre-
serving dependence structures and expanding the analysis to parallel, series-parallel, or
k-out-of-n system configurations.
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